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@ We are interested in the computation, by Monte Carlo methods, of
the expectation Y = E [f (X7)], where X = (Xt)o<,< 1 is the solution
to a multidimensional stochastic differential equation (SDE) and

f : R" — R a given function such that E {f (Xr)z} < +o0.

@ We will focus on minimizing the computational complexity subject to
a given target error e € R .

@ To measure the accuracy of an estimator Y/, we will consider the root
mean squared error:
2}

A

RMSE(Y/; Y) — R} UY— y




lto-type SDE

We consider a general [t6-type SDE of the form

d ,
dX: = b(Xe)dt + > o/ (X¢)dW]
j=1
Xo = x
where:

e x € R",
® (Xt)o<¢<T is @ n—dimensional stochastic process,
o W= (W ...,W) is a d—dimensional standard Brownian motion,

e bol,...,09:R" — R" are Lipschitz continuous.



Stratonovich form

Assuming C? regularity for diffusion coefficients o, ..., 09, the Ito-type
SDE can be written in Stratonovich form:

d .
dX¢ = o%(Xe)dt + 5" o7 (Xe) o dW]
j=1
Xo =X

d o ) ;
where 6% = b— 1 3 90/o/ and Do is the Jacobian matrix of o/ defined
j=1
as follows . )
9ol = (0x0")

1<i,k<n"



The Ninomiya-Victoir scheme

o (tx= k%)0<k<N is the subdivision of [0, T],

® 1= (M,...,mn) is a sequence of independent, identically distributed Rademacher
random variables independent of W,

o forallje{l,....d},AW; , = W,_{k+1 W{k,

e for j € {0,..., d} and xo € RY, let (exp(to’)xo)ter solve the ODE

{ O — o) (x (1))
x(0) = xo.

Scheme
If k1 =1

NV,N T o T NV,N,
Xy = exp <2N exp (A Wtk+1 ) ...exp (AWtk+1 ) op (550 Xe ",

and if Nk+1 = -1

NV,N T o T NV,N,
Xoe o= exp <2N exp (A Wtk+1 ) ...exp (AWtk+1 ) op (550 Xy




Link between ODEs and SDEs

Link between ODEs and SDEs

for j€{1,...,d} and y € R", the dynamics of Y; = exp (W{Uj) y is given by

dY: = o’ (Yy) o dW) = %aafaf (Ye) + o/ (Vi) dWA.

Splitting of the infinitesimal generator

The infinitesimal generator

L=bV+ %Tr [(017 .. ,ad)(Ul, .. ,ad)*Vi]

is then split into
1 é
— 2
L=Lo+; >z,
j=1
where
Lou (t,x) = 0° (x). Vu(t,x),

and

Liu(t,x) =0’ (x). Viu(t,x).




Order 2 of weak convergence

Denoting by (X{)t>0 the solution to the SDE starting from X§ = x € R”,
for f : R" — R" smooth, u(t,x) = E [f(X[)] solves the Feynman-Kac
PDE

%(t,x) = Lu(t,x), (t,x) € [0,00) x R"

u(0,x) = f(x), x e R"

2u 9 ) ,
ﬁ—aﬁu—ﬁau—ﬁu
2

and u(t1,x) = F(x) + 0.LF(X) + %£2f(x) +O(8).

Ninomiya and Victoir have designed their scheme so that

E[f (X)) = f(x) + t1.LF(x) + ';12£2f(x) +0(8).

One step error O(3) Noteps O(2) global error.



Order 1/2 of strong convergence

Theorem (Strong convergence)

Assume that the vector fields, c°, 07 and dolo’, for all j € {1,...,d}, are
Lipschitz continuous. Then, for all p > 1, there exists a constant
Cnv € RY such that for all N € N*,

< G
<

E n

2p
max Hth - XtNV’nH
0<k<N ks




Stable convergence of the normalized error

Theorem (Stable convergence)

Assume that
o 0% € C2(R",R") and is a Lipschitz continuous function with polynomially growing
second order derivatives,

e forallj€{1,...,d},o) € C?(R",R") and is Lipschitz continuous and its first order
derivative is locally Lipschitz with polynomially growing Lipschitz constant,

o forallj,me {1,...,d},dc7c™ is Lipschitz continuous,
o forallje{l,...,d},00/09 € C? (R",R") with polynomially growing second order
derivatives.
Then

VN .= VN (x - x’Wv") Ly
N—+o0

)

where V is the unique solution of the following affine equation
d j-1
V= /& ZZ/ (o9, 0™ (Xs) dBS™ + / 8b(X)Vds+Z/ D07 (X5) VedW!
Jj=1m=1

with [0J,0™] = 9c™o/ — 8a/a™, and (B)y<,< 1 is a standard d(d — 1)/2-dimensional
Brownian motion independent of W . -




Stable convergence

@ The limit does not depend on 7,

@ the strong convergence rate is actually 1/2 when at least two
Brownian vector fields do not commute,

@ if the Brownian vector fields commute, i.e.

forall jyme{1,...,d}, 00jom = Oomaj,

then the limit is 0.




Commutation of the Brownian vector fields

Theorem (Strong convergence)

Assume that
for all j,m e {1,...,d},00jom = Oomoj,
(the order of integration of these Brownian vector fields no longer matters and n is useless)
and that
o foralljc{1,...,d},o/ € C*(R",R") with bounded first order derivatives,

e 00 € C%2(R",R") with bounded first order derivatives and polynomially growing second
order derivatives,
d

® 3" 0d/d’ is a Lipschitz continuous function,
=1

Then, there exists a constant Cy,, € R% such that for all N € N*,

C/
an -] <

t<T

Under the commutativity of the Brownian vector fields, it is possible to implement the
Milstein scheme which also exhibits order one of strong convergence.



Stable convergence of the normalized error

Theorem (Stable convergence)
Assume that

o forallj€{0,...,d},o/ € C?(R",R") with bounded first order derivatives, O/ and
0?04 are locally Lipschitz with polynomially growing Lipschitz constant,
e forallje{1,...,d},00707 is a Lipschitz continuous function,
and that the commutativity condition holds. Then:

uN =N (x —x""’) Lbly
N—+o0

where U is the unique solution of the following affine equation:
T 9.t ) .. t d rt .
Uy = 72/ [0°,07] (xs)ng+/ db(Xs) Usds+2/ Dol (Xs) UsdW!,
2v/3 =)o 0 =170

and <l§’t)0< — is a standard d-dimensional Brownian motion independent of W.
t




© Monte Carlo Methods
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The Multilevel Monte Carlo

The main idea of this technique is to use the following telescopic
summation to control the bias:

L
E|f(XF)] =Elf D]+ E|F(XF) - (xF7)]
I=1
Then, a generalized multilevel Monte Carlo estimator is built as follows:

L 1 M,
Ve =3 332
I=0 k=1

/ : : )
where (Zk)oglgL,lgkgM, are independent random variables such that:

E[2%] = E[F (X})]
and for all I € {1,...,L},

E [Z’} ) [f (X%’) _f (X%”l)} .



Cost and canonical exemple

For a given discretization level | € {0, ..., L}, the computational cost of
simulating one sample Z' is C\;2/, where:

e C € Ry is a constant, depending only on the discretization scheme,
o forall 1 €{0,...,L},\ € Q% is a weight, depending only on /,
L
Cume = C Y MiA2".
=0

Natural choice for Z', 1 € {0,..., L}

Z° = f(X7)
forall fe{1,...,L},Z' = f (X%’) i (X%H) .

For this canonical choice, it is natural to take \g = 1 and \; = %




Complexity analysis

B (VMLMC; Y) _E [VMLMC] _Y=E [f (X%L)} _E[f (X1)].

The bias is related to the weak error of the scheme:

E [f (X%L> _ f(xT)] = % to (;) .

| A

Variance

v [Sne] =3 v (2]

If the simulation of X2' and X2 ™' comes from the same Brownian path,
then V [Z’] converges to 0 as / goes to infinity. The rate 8 of convergence
to zero of V [Z'] is related to the strong convergence order 7 of the
scheme (5 > 27v).




Optimal complexity

Theorem (Complexity theorem (Giles))

Assume that there exist (o, c1) € RY x R* and (3, c2) € (Ri)z such that

for all | € N:
[ ()] - v = g2 +o ()

v[z] = +o(5m)-

Then, the optimal complexity is given by:

and




Optimal parameters

Optimal parameters

«

= ’VIOgQ(\ﬁH)“

.
2, /v (M +zmﬂ

and for all / € {1,...,L*}

v = (2 (Vov1n+ 3 Ve ) .

Regression
One can estimate («, 3, c1, ¢2) by using a regression:

7]~




Theoretical computing time

Denoting by 7/ the theoretical computing time of level / € {0,..., L*},

one ha
o My2l.

Replacing M/, one can write
7o 215 ) 9!l = o= 1(%5),

When 8 = 1, for the Euler scheme for example, 7/ is constant.



Acceleration of the multilevel Monte Carlo

Debrabant and Rossler consider
L—1 .
X L0k 2! 1.k X271k
MLMC—MZf( >+ZM,Z< (X7 =7 (3 ))
=1

My

1 o oL 1k 2L-1 ] k
a2 (FEF) - ()
where X is a scheme with high order of weak convergence and such that

)0 (5] - o )
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The Multilevel Richardson-Romberg Extrapolation

Adapting the notation of Pageés and Lemaire, the multilevel
Richardson-Romberg extrapolation estimator is built as follows:

Low,
- )
Ymi2r = E o 5 Z,
=0 k=0

l . . . .
where (Zk/)OSISL,ISkSM/ are independent random variables satisfying

E[Z°] =E[f (X7)],
and for all 1 € {1,...,L},
E [z’} ") [f (X%’) _f (X%"l)} .

Actually, the multilevel Richardson-Romberg extrapolation can be seen as
a weighted version of the Multilevel Monte Carlo estimator.



Optimal complexity

Theorem (Complexity theorem (Pages, Lemaire))

Assume that there exist R € N*, o € RY | c{,...,cp € R* and
(8, ) € (R%)? such that for all | € N:

I e 1
E[r (x3)] - y_zpf,ﬁo(zm),
j=1

v[2] = o (5m)-

and

Then, the optimal complexity is given by:
o Ciyor=0(c7?) if8>1,
° Ciyor =0 (e ?log (7)) ifB=1,

o Coor=0 (e_zexp (—%\/2log(2) log (%))) if B < 1.




Optimal parameters

o () 2o () - |

€

L*

Wi=3w
=1

M = TqiN*]

where: o (L —j)(L*—j+1)
. =L =)L —j
wp= (-1 — e
[T (1—27%) T (1 -27ke)
k=1 k=1
g < (146)
af o 0w 2220 ey
i1 A
L* \/7
> g =1
1=0
L* 8 8 2
. VIF (X7)] (1 +0 (1 + 3wl (273 42750 W))
N*:<1+2 (L*+1)> =
(a7
S (qz; + 2 qf (2’+2’*1))
1=1
and
8 Co
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The Giles-Szpruch scheme

The Giles-Szpruch scheme is a modified Milstein scheme. The terms
tet1

involving the Lévy areas AWLdWM —

tyt1

AW™dW! have been
ty ty
removed:

d
GS GS GS j GS j
th+1 = ka +b <th ) (tk+1 N tk) + Z o’ (th ) AWi“lkﬂ
Jj=1

1 ,
+ 2j§1 0o’ o™ (ths> (AW’-{kﬂAWtTH - ]l{j:m} (tk+1 — tk))

GS _
Xty = X.



The Giles-Szpruch scheme: antithetic version

We consider two grids: a coarse grid with time step h;_1 = 2,—2 a fine
grid with time step h; = 2—7; and we introduce some notations:

e Vk € {0,...,2’71} , te = khy_1,
/-1 _ 1
o Vke{0,...,2 —1},tk+% = (k+5) h_1,
_ f _
o AWE =Wy, — W, AWtH% —
AWE =W, — W,

tk+1 k+ % .

Wtk 1 Wtk and
3

On the coarsest grid, X527 is defined inductively by:

d
"y 1 -1 . /-1 i
XS2T = XS b (ths’z ) h1+ > o (ths’z ) AWE©

tet1
Jj=1

d
1 j G5721_1 '7 )
5 > 00io™ (XS ) (AW, AWTS — Lgmojyhia)
jm=1



The Giles-Szpruch scheme: antithetic version

Similarly, on the finest grid:

d
GS 2! GS 2! GS 2! i GS 2! i f
X852 = x8? 4 (th ) h+ 3 o) (th ) NS
2

k+% J 2

d
1 i -m 6572/ j,f m,f
+3 % ddom (XS )(AW{H%AW%% —11{m:j}h,>

J,m=1
d
GS2'  GS.2 GS2! j GS 2! J,f
thﬂ = th+1 + b <th+1 > h; + Z o <th+1 > AWtk+1
2 2 _[=1 2
d
1 jm [ yGS2! Jof mf .
+5 12180 o <th+% AWfk+1AWtk+1 ]l{m:J}h/ .
\ J,m=

The antithetic scheme X52' is defined by the same discretization, except

that the Brownian increment AW,_!; , and AWt’:+1 are swapped.
+1

2



Strong coupling with order one between successive levels

Considering, for all 1 € {1,...,L},

2= (1 (56°%) 0 (667) - (4877,

Giles and Szpruch obtain a first order of convergence.

Theorem (Giles-Szpruch)

Assume that f € C2(R",R) and b,Vj € {1,...,d},o € C?>(R",R") with
bounded first and second order derivatives. Then:

c
22pl”

2
Vp>1,3c e R: ,VIe N, E “ZIGS‘ p] =
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Coupling between the Ninomiya-Victoir scheme and the
Giles-Szpruch scheme

Theorem (Strong convergence)

Assume that b € C? (R"; R") with bounded first and second order
derivatives, and, Vj € {1,...,d},o/ € C3 (R";R") with bounded first and
second order derivatives and with polynomially growing third order

derivatives, and that, Vj,m € {1,...,d}, Oo/c™ has bounded first order
derivatives. Then:

Ces

ElCGS € R:,VN & N*, E ~ W,

0<k<N

where
XNV — % <XNV,17 I XNV,—n) .




Strong coupling with order one between successive levels

Considering:
1 /& 1 /. - 1
Zesw = f (X7720) 4 g (RV277) g (G72)
1 _ _
+f (X¢V72/7 n) _F <X7G_s,2' 1) 7

we have a first order of convergence.

Corollary

Assume that f € C?> (R",R) and b € C? (R",R") with bounded first and
second order derivatives, and, Vj € {1,...,d}, o/ € C3 (R",R") with
bounded first and second order derivatives and with polynomially growing
third order derivatives. Then:

c
22pl”

2
Vp>1,3c € R}V € N*, E Uzé;s_,w) p] <




Strong coupling with order one between successive levels

Considering:
P (55 1 (R92) 7 () 1 (472
— % (f (X’TVVQH’") iy (X#’“"lv—")) Vel L},

we have a first order of convergence.

Corollary

Assume that f € C?> (R",R) and b € C? (R",R") with bounded first and
second order derivatives, and, Vj € {1,...,d}, o/ € C3 (R",R") with
bounded first and second order derivatives and with polynomially growing
third order derivatives. Then:

C
22pl”

2
Vp>1,3c e R%, ¥/ e N, E UZ/w‘ ,,] <




Derived MLMC estimators

o Y5Puc is the MLMC estimator with the Giles-Szpruch scheme:

"
Yiitme = Z v Z Z
I k=1
where 285 = £ (X§°*).

° \A’A’}’,‘_/MC is the MLMC estimator with the Ninomiya-Victoir scheme:

MLMC Z M ZZ/IVI\(/

I k=1
where Z,(\),V =f (X.,A_Iv’l’") or ZI(\)IV = % (f (X7va,1.,n) +f (ng’l’_n>) .
° \A’,Sf,;,gv is the MLMC estimator with the Giles-Szpruch scheme from level 0
to level L* — 1, and the coupling between the Ninomiya-Victoir and the
Giles-Szpruch scheme at the last level L*:

L*—1
GS—NV __ 1,k L* k
YMLMC - Z M* ZZGS M* ZGS NV




Derived ML2R estimators

° \A/,gsz is the ML2R estimator with the Giles-Szpruch scheme:

Mm—zw'zz

° \A/,O,%R is the ML2R estimator with the Ninomiya-Victoir scheme:

W
Yiltor = Z I Zzllvl\(/

=0 ’kl
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The Clark-Cameron SDE

ClarkCameron SDE

{ dX! = pdt + dW}

dX? = X dW2.

Parameters and Payoff
o X}=X¢=0and T=1.
o u=1.
o f(x1,x2) = cos(x2) and f (x1,%2) = (x2) .

To measure the efficiency of \A/A(jf,\_/,gv with respect to other estimators, we plot the following

CPU-time ratios:

CPU — time (y)

R =

CPU — time (Vi dV)

\




Numerical results: f (x1,x) = cos (x2)
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Numerical results f (x1, x2) = cos (x2)
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Numerical results f (x, ) = (x2)
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The Heston model

The Heston model

1
dUp = (r =6 — 5 Ve)dt + vV VedW}
dVe = k(0 — Vy)dt + o/ V, <det1 +/1- p2dvv3) ,

where the asset price S is given by S; = exp(U;) and

e ¢ € R is the long implied variance, or long run average price
variance; as t tends to infinity, the expected value of V; tends to 0,

k € R is the rate at which V; reverts to 0,

@ o € RY s the volatility of the implied volatility and determines the
variance of V4,

@ r € R the annualized risk-free interest rate, continuously compounded,

0 € R% is the annualized continuous yield dividend,

p €] — 1,1[ is the correlation between the two Brownian motion (ie
stock price and implied volatility).




The Heston model

We assume that 2k6 > o2 to ensure that the zero boundary is not
attainable for the volatility process.

Parameters and Payoff
@ Xo=0,Vp=1and T =1.
e r=0.05k=0560=0.9 0=0.05and 6 =p=0.
o f(x,v)=exp(—rT)(exp(x)—1),.

The Ninomiya-Victoir scheme is well defined when 4x60 > a2. \




Numerical results
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Thank you for your attention!
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