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Introduction

Categories of uncertainties

Different types of uncertainties [Thunnissen, 2003]:

@ Aleatory uncertainty: intrinsic variability of the system and/or its environment (probability
formalism), noted U
@ Epistemic uncertainty: lack of knowledge or modeling hypotheses (interval formalism)

> hyperparameters of the probability distributions of the aleatory variables, noted 6
> parameters of the used simulation code, noted e

Nozzle flow
modeling

e Aleatory

Epistemic
uncertainty uncertainty
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Introduction

Problem statement

UeR? €
aleatory, + Y = g(U,e),
distributed v scalar and

d+w
accordingto U—> g R R —— aleatory

on)

Goal: estimation of a failure probability: P(g(U,e) > S)

Failure domain

Hypotheses:

@ g(-,-): simulation code,

Safe domain

computationally expensive 3
0
e IP: rare event probability, P << 1/M \
with M the simulation budget Limitstare TP CETETY
-4
-5 0 5
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Introduction

Classical simulation approaches in the presence of aleatory
uncertainties (0,e frozen)

Failure domain

Crude Monte Carlo [Silverman, 1986]: 47
@ Estimation of the system state for o 27
each CMC sample (faulty or safe), =)

cmC
oPr Zl 1 g(u (i), e)>$ or

I Safe

domain 10 000
@ Computationally expensive, _a CrudeWIDntfe Carlo samples
@ Weak accuracy of the probability -5 0 5
estimate with reasonable simulation U,

budget.
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Introduction

Two examples of alternative simulation approaches

Importance Sampling [Glynn, 1996]:

@ Modification of the initial pdf ¢ in order to increase the occurrence of the failure,

9(u[9])

M
@pS=1LYyi1 S
M I_)::l &(ui0)>9) §(u;[4])

@ Optimization of the auxiliary pdf parameters of ¢, e.g. using Cross-Entropy.

6
6
Failure domain 5
4 4
Safe domain 3
2
5 8
=) 5 2
0 1
0 —
- InpUT Gncertainty =D CE auxiliary optimal PDF
Limit state A —— Limit state
-5 J 5 5 0 5
1 um
Cross Entropy optimal auwxiliary PDF
08

0

5 5 un
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Introduction

Two examples of alternative simulation approaches

Subset simulation [Au and Beck, 2001]:

@ PSS_p(U enf):n;.":ln»[u €U enfi_l},

@ Definition of a sequence of nested failure domains Qfo =Q> Qfl DD Qp =Qf,
@ Intermediary failure domains: Vi ={1,...,m} Qf,. = {ulg(u) > S;},
o

At each step, drawing of new samples with respect to past ones using MCMC methods.

Subset simulation - step 1 Subset simulation - step 2

v

rmediate
threshold

[} [
o o

Subset simulation - step 3 Subset simulation - step 4

o
u» %5

0
u
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Introduction

Approximation of the limit state function

EXiSting approaches [Matheron, 1963, Balesdent et al., 2013a, Dubourg et al., 2013]:

@ Approximation of the simulation code g(-) (Kriging, Support Vector Machine, etc.),

@ Refinement of the surrogate model in the vicinity of the limit state, and in zones with high

probability content: P[g(U) > S].

Kriging approximation of the limit state

™ DoE samples

— Exact limit state W

== Kriging approximation \\

I Confidence interval bounds \
0 5
u

1

Kriging approximation refinement

f———

T

Refinement
DoE samples

Exact limit state
Kriging approximation
Confidence interval bounds

)
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Introduction

Reliability analysis in the presence of epistemic uncertainty

Part |: Epistemic uncertainties on °
the input variable pdf distribution -

5

Rare Event Probability Estimation in the Presence of Epistemic

Uncertainty on Input Probability Distribution Parameters. M. P! i)
Balesdent, J. Morio, L. Brevault. Methodology and Computing L -
in Applied Probability (2014) Springer. v,

Limit stte atfected by epistemic uncertainty

Part Il: Model uncertainty con-
cerning the simulation code

Reliability analysis in the presence of aleatory and epistemic un-
certainties, application to the prediction of a launch vehicle fallout
zone, L. Brevault, S. Lacaze, M. Balesdent, S. Missoum. Journal
of Mechanical Design, publication pending, ASME.

M. Balesdent, L. Brevault et al. Rare event probability estimation July 5-8th 2016 10 / 35
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Uncertainty on input variable distribution hyperparameters Problem statement

Propagation of epistemic uncertainty on input variable pdf
parameters (e frozen)

U is distributed according to a joint pdf ¢g(-) with uncertain parameters
known in an interval:

eeez{eeRKIVizl,m,K, 0" € [Brmin: Oma] }

min»

Characterization of the uncertainty of P by:

Pmin = min ]Pg(g(U) > S)
6cO
IEDmax - g]eaé( ]P)e(g(U) > 5)

A g()
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Uncertainty on input variable distribution hyperparameters Problem statement
Aim of the study

Proposition of a methodology allowing at propagating the pdf parameter
uncertainties on the estimated failure probability:

o Difficulties:

@ Combination of optimization
and reliability analysis

@ Propositions:

@ Coupling of CMA-ES and
Importance Sampling (Cross

algorithms Ent )
Rare event probability to ntropy
° estimate P ¥ @ Adaptation of Cross-Entropy

method to reduce the
computational cost of the
failure probability estimation
© Use and refinement of
surrogate model of g(-)

© Mapping g(-) known only
through a finite number of
data points (black-box),
computationally expensive
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Uncertainty on input variable distribution hyperparameters Proposed approach

Proposed approach(Balesdent et al., 2016]

Step 1

Step 2

Probability estimation for

reference value of

uncertain parameter vector
using Kriging based IS

Optimal auxiliary density
for reference 6o
Reference probability

Optimization process to find Pmin
and Pmax

Noisy function optimizer

0 P(6)
A

Accelerated IS probability estimator

A

using optimal auxiliary density of

IS estimation performed in Step 1 D

Xih,)
g(Xlh,])

|

|

|

|

|

|

|

XIh,]

L > Kriging model
,'\ dedicated to IS
% (XIhg))
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Uncertainty on input variable distribution hyperparameters Proposed approach

Basics on Importance Sampling by Cross-Entropy
Estimation of the probability by Cross-Entropy:

I@ﬂes _ 1 % ¢60(Ui[¢~’60])

1 .z 18 i .
M = &Wil000D>5 6o (U;[Ga,])

Determination of the optimal auxiliary pdf by canceling the estimator

variance: p
(P O(U[‘p 0])
\% <1g(u[$90])>5<M) -

The optimal pdf is given by:

_ Le(u)>596, (V)
Po,(g(U) > 5)

with Pg,(g(U) > S) unknown and has to be estimated.

Popt(U)

— Parametrization of the auxiliary density (g, (-) — %10()) and use of
Cross-Entropy to determine A opt.
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Uncertainty on input variable distribution hyperparameters Proposed approach

Basics on Importance Sampling by Cross-Entropy

[Glynn, 1996, Rubinstein and Kroese, 2004]
Estimation of A by minimizing the Kullback-Leibler divergence between

¢opt(') and ¢él0()

D(¢opt7¢elo) = /]Rd ¢opt(U)|n (%) du
6o

Aopt is given by:

Aopt Zarg/fl“ax {E [lg(U[% (%o(u[%o])ﬂ }

Difficult to find directly Aop; — definition ofa /=1 | [l |

threshold family Sg < 51 < -+- < Sy =S easier g H 3 ’ \3 |

to compute and optimization of A stepy step. | A\ \f \j
= VIS

(] 1 2 3 4 5 6

M. Balesdent, L. Brevault et al. Rare event probability estimation July 5-8th 2016 16 / 35



Uncertainty on input variable distribution hyperparameters Proposed approach

Combination of Importance Sampling and Kriging

Step 1

Step 2

Probability estimation for

reference value of

uncertain parameter vector
using Kriging based IS

Optimal auxiliary density
for reference 6o
Reference probability

Optimization process to find Pmin
and Pmax

Noisy function optimizer

0 P(6)
A

Accelerated IS probability estimator

A

using optimal auxiliary density of

IS estimation performed in Step 1 D

Xih,)
g(Xlh,])

|

|

|

|

|

|

|

XIh,]

L > Kriging model
,'\ dedicated to IS
% (XIhg))
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Uncertainty on input variable distribution hyperparameters Proposed approach

Combination of Importance Sampling and Kriging

Proposed strategy [Balesdent et al., 2013b]:

@ Generation of samples by IS,
@ Use of a Kriging-based surrogate model,
@ Use of the prediction error of the Kriging to determine the samples for which there
is an uncertainty about the threshold exceedance,
@ Refinement of the model on these points.
g 83»8 confidence interval
A = = = true fonction
- surrogate model
— bound of confidence interval
% evaluated points Z
S O predicted points U
ncertain points
A -
7 uz
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Uncertainty on input variable distribution hyperparameters Proposed approach

Estimation of Pg(g(U) > S) from Pg,(g(U) > S)(1/2)

Step 1

Step 2

Probability estimation for

reference value of

uncertain parameter vector
using Kriging based IS

Optimal auxiliary density
for reference 6o
Reference probability

Optimization process to find Pmin
and Pmax

Noisy function optimizer

0 P(6)
A

Accelerated IS probability estimator

A

using optimal auxiliary density of

IS estimation performed in Step 1 D

Xih,)
g(Xlh,])

|

|

|

|

|

|

|

XIh,]

L > Kriging model
,'\ dedicated to IS
% (XIhg))
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Estimation of Pg(g(U) > S) knowing Pg,(g(U) > S) (2/2)
Let assume Pg,(g(U) > S) estimated by CE for a nominal value of 6 = 6

Problem:

How to estimate at reasonable computational cost Pg, (g(U) > S) for 6 = 6, i.e.
without repeating CE process from scratch? (i.e. for all the intermediary thresholds)

Remark:

Independence of {U|g(U) > S} with respect to 0: the samples drawn according to ¢9/10°"’

are useful for the estimation of Py(g(U) > S)

Idea:

Use of q);t]‘"’%) as initial auxiliary pdf for 6 = 61, and perform a classical CE process with
this pdf using Kullback-Leibler divergence minimization.

— Advantage: Avoiding a complete CE process for the intermediary thresholds (x3 in
convergence velocity on average).
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Proposed approach
Determination of the probability bounds (1/2)

Step 1

Step 2

Probability estimation for

reference value of

uncertain parameter vector
using Kriging based IS

Optimal auxiliary density
for reference 6o
Reference probability

Optimization process to find Pmin
and Pmax

Noisy function optimizer

0 P(6)
A

Accelerated IS probability estimator

A

using optimal auxiliary density of

IS estimation performed in Step 1 D

Xih,)
g(Xlh,])

|

|

|

|

|

|

|

XIh,]

L > Kriging model
,'\ dedicated to IS
% (XIhg))
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Proposed approach
Determination of the probability bounds (2/2)

@ Determination of P, and Prnay: non linear multimodal optimization
problems. The objective function is a probability estimator (noisy).

@ Use of Covariance Matrix Adaptation - Evolutionary Strategy
[Kruisselbrink et al., 2011] which deals efficiently with noisy function.

90+ — m(®) 4 )y (0,C¥))

N(0 ) N(,D) N(0,C)

Ll Lo
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Uncertainty on input variable distribution hyperparameters RAVsTol[fe=Yalelt

Launch vehicle fallout zone estimation (1/2)

Gaussian inputs U:
@ Weather conditions (2 variables Mc; and Mcy)

@ Launch vehicle mass (1 variable: m)

@ Flight path angle (1 variable: y)

Output of the code Y:

@ Distance between prediction and estimated impact
points

Probability of interest: Py [g(U) > 0.65km)]

o o o o

Second coordinate of impact points

Parameters
E(Mc1)

E(Mc2)

Variation domains
[-1.1,-0.9]
[0.9,1.1]
[0.45,0.55]

[-2.2,-1.8]

Booster fallout zone

06
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Uncertainty on input variable distribution hyperparameters RAVsTol[fe=Yalelt

Launch vehicle fallout zone estimation (1/2)

Gaussian inputs U:
@ Weather conditions (2 variables Mc; and Mcy)

@ Launch vehicle mass (1 variable: m)

@ Flight path angle (1 variable: y)

Output of the code Y:

@ Distance between prediction and estimated impact
points

Probability of interest: Py [g(U) > 0.65km)]

0.2

Second coordinate of impact points

Parameters Variation domains
E(Mc1) [-1.1,-0.9]
E(Mc2) [0.9,1.1]

E(m) [0.45,0.55]

E(y) [-2.2,-1.8]

Booster fallout zone

< g, (X
. @90(X

06 0.
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Uncertainty on input variable distribution hyperparameters Application

Launch vehicle fallout zone estimation (2/2)

Proposed method MC-MC MC-IS

Number of samples required by
CE for estimating the probability 2.80 x 10* 100 2.80 x 10*
with reference 6

Number of samples evaluated on

¢3 for estimating the probability 1196 / /
with reference 8¢ using Kriging

Estimation of Py  (g(U) > 5) 1.96 x 10 1.95x10°° | 1.98x107°
Std deviation of the probability 4.91% 22.6% 4.80%
estimate for reference 0

Prmax 747 %100 6.50x10° | 6.22x10 °
Number of points evaluated on g 7089 10 2.8.10°
to find Pmayx

Std deviation of Prmax 5.00% 12.4% 5.03%

IS (CE)
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Uncertainty on limit state model

Outline

e Part II: Propagation of uncertainty on limit state model
@ Problem statement

@ Proposed approach
@ Application to launch vehicle fallout zone estimation
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Uncertainty on limit state model Problem statement

Problem statement

The simulation code g suffers from epistemic uncertainties e which are
known in an interval:

ecT={ecR"|Vi=1,...,w, el e [ei el ]}

min’ “max

Propagation of the uncertainty on P by determination of the min / max
bounds:

Pmin = min P[g(U,e) > 5]
ecT

Pmax = max P[g(U,e) > 5]
ecT

Computing the bounds of P[] requires:

@ Solving of an optimization problem to characterize the failure
probability bounds,

e Estimation of (rare) failure probability.

M. Balesdent, L. Brevault et al.
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Uncertainty on limit state model Proposed approach

Proposed approach

Sequential approach:

@ Estimation of the failure probability: Subset Sampling allowing at characterizing the non
linear and multimodal failure states,

@ Surrogate model: Kriging built in the joint space of the aleatory / epistemic variables,

@ Kriging model refinement strategy in the zones:
> With high probability content,
In the vicinity of the estimated limit state,
Around the epistemic values leading to Ppax of Ppyin,
Determination of the refinement points by an auxiliary optimization problem.

vvyy

Kriging model
construction

Sequential loop

Interval Analysis B T
refinement

Adapted
refinement

strategy

5 4 = 2 -1 o0 1 2 3 4 5
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Uncertainty on limit state model Proposed approach

Proposed Kriging model refinement strategy (for IPp,ax)

L L
-5 -4 -3 -2 -1 0 1 2 3 4 5

U1
7 mi () _ () —
max  lou()]? _min [|u?—u] + e —e]]
s.t g(u,e,7)=0
Ble] > Bray [

€min < € < €max
ueQ
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Uncertainty on limit state model Proposed approach

Proposed Kriging model refinement strategy (for IPp,ax)

1 . i i
max  lou()]? min [[u®—u ]+ e e
s.t g(u,e,#)=0

July 5-8th 2016 28 / 35
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el
Proposed Kriging model refinement strategy (for IPp,ax)

L L
-5 -4 -3 -2 -1 0 1 2 3 4 5

s.t. g(u,e,#)=0
Ple] > Proa [
€min < € < emax
ueQ
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el
Proposed Kriging model refinement strategy (for IPp,ax)
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Uncertainty on limit state model Application

Application to launch vehicle fallout zone estimation

Evaluation of Ppax = max P[g(U,e) > 20km]
ec

[ Uncertain variables [[ Types [[ Definitions
Error on altitude at separation (m) Aleatory ./ (0,001)
Error on velocity at separation (km/s) Aleatory ./(0,001)
Error on flight path angle at separation Aleatory .#(0,003)
(rad)
Error on azimuth at separation (rad) Aleatory .#(0,0.00175)
Dry mass of the stage (kg) Aleatory ./ (0,70)
Parameter of thrust model 157 stage Epistemic [0,1]
fallout
7 / phase
a Nominal 1% stage mass flow rate - epistemic uncertainty
propulsion ippact
hase point
Aleatory uncertainty on:
- altitude separation
- velocity separation Epistemic uncertainty on

Zimuth separation

M. Balesdent, L. Brevault et al. Rare event probability estimation
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ncertainty on | state model Application

RGS u |tS Second stage impact point PDF

Subset Simulation

impact point Threshold

Proposed method FORM - UUA Nominal value
[Du et al., 2005] (MQ)
[ Pmax(e*) [] 2.91x10 7(5.6%) [| 6.41x10~° [ 293x10°* |
Ng_catis || 60+72=132 [[ 1114 [[ 252x10° |
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Conclusion and future works

Conclusion and future works

Conclusion:

@ Propagation of uncertainties on model parameters (input pdf and
simulation code) for rare event estimation,

@ Proposed approach: coupling of optimization - Importance Sampling
/ Subset sampling - Kriging model with dedicated refinement strategy.

Future works:
o Apply this method to a reliability-based design optimization (RBDO)

process,

o Extend the algorithm to uncertain variables described with other
formalisms (fuzzy logic, etc.).
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Conclusion and future works
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