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On the discretization of SDEs with non-Lipschitz diffusion
Focus on

I one dimensional case
I special form of non-Lipschitz diffusion : constant elasticity of variance (CEV) type
I strong error

Let (Xt)t≥0 be the R-valued process solution to

Xt = x0 +
∫ t

0
b(Xs)ds+σ

∫ t

0
|Xs|α dWs, (1)

x0 > 0 and σ > 0 are given.
(Wt)t≥0 is a R-valued Brownian motion on a given (Ω,F ,P).
(1) has a unique strong solution when

Hypotheses
(H0) α ∈ [1/2,1).
(H1) drift function b such that b(0)> 0, and Lipschitz

(|b(x)−b(y)| ≤ K|x− y|, ∀(x,y) ∈ R2).

Then for any q≥ 0,

E
[

sup
0≤t≤T

Xq
t

]
≤ C.
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Some popular examples in finance

I Cox, Ingersoll and Ross (1985) proposed to model the dynamics of the short term
interest rate rt as the solution of{

drx
t = (a−brx

t )dt+σ
√

rx
t dWt,

rx
0 = x≥ 0.

I Hull and White (1990) proposed the following mean-reverting diffusion process

drt = (a(t)−b(t)rt)dt+σ(t)rα
t dWt

with 0≤ α ≤ 1.
I Basic volatility models :

dSt = µStdt+
√

αtStdWt,

Heston model : dαt = Θ(ω−αt)dt+ζ
√

αtdBt,

3/2 model : dαt = Θ(ω−αt)dt+ζ (αt)
3/2dBt.
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Other stochastic volatility models

I Hagan et al. (2002) proposed the SABR–model (stochastic–αβρ model) as
stochastic volatility model for forward prices :

dFt = σtF
β

t dW1
t

dσt = ασtdBt,

(W1,W2) is a 2d–Brownian motion, Bt = ρW1
t +
√

(1−ρ2)W2
t , ρ ∈ [−1,1].

I General models for stochastic volatility (Lions Musiela 2007) :

dFt = σ
δ
t Fβ

t dW1
t

dσt = ασ
γ

t dBt +b(σt)dt,

with α,δ > 0, γ,β ∈ (0,1] + other restrictions.
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Other application domain : turbulent flow modelling
Lagrangian models for turbulent particle transport or direct turbulent (subgrid) modelling

dXt = Utdt,

dU(i)
t =

[
−∂ 〈P〉

∂xi
(t,Xt)−C 〈W 〉(t,Xt)

(
U(i)

t −
〈
U (i)

〉
(t,Xt)

)]
dt

+
√

C0k(t,Xt)〈W 〉(t,Xt)dW(i)
t , ∀ i ∈ {1,2,3}

(2)

with

dωt =−C3〈W 〉(t,Xt)(ωt−〈W 〉(t,Xt))dt−Sω(t,Xt)〈W 〉(t,Xt)ωtdt

+
√

C4〈W 〉2(t,Xt)ωtdW(4)
t

Kinetic turbulent energy : k(t,x) =
1
2

3

∑
i=1
〈U(i)U(i)〉(t,x)−〈U(i)〉2(t,x)

Pressure 〈P〉(t,x) must be recovered by ∇2 〈P〉=− ∂ 2〈U (i)U (j)〉
∂xi∂xj

.〈
g(U ,W )

〉
(t,x) = E

[
g(Ut,ωt)

/
Xt = x

]
.
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Many references about the use of Milstein scheme for CIR on the web:
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Milstein scheme for CEV type SDEs is a good idea
x0 > 0, T > 0, and N ∈ N. ∆t = T/N and tk = k∆t. Define (Xtk ,k = 0, . . . ,N) by

Xtk =



x0, for k = 0,∣∣∣∣Xtk−1 +b(Xtk−1)∆t+σXα

tk−1
(Wtk −Wtk−1)+

ασ2

2
X2α−1

tk−1

[
(Wtk −Wtk−1)

2−∆t
]∣∣∣∣ ,

for k = 1, . . . ,N is the Symmetrized Milstein Scheme (SMS)

max
(

0,Xtk−1 +b(Xtk−1)∆t+σXα

tk−1
(Wtk −Wtk−1)

+
ασ2

2
X2α−1

tk−1

[
(Wtk −Wtk−1)

2−∆t
])

,

for k = 1, . . . ,N is the projected Milstein Scheme (PMS)

Milstein increment :

Xtk−1 +b(Xtk−1)∆t+σXα

tk−1
(Wtk −Wtk−1)+

ασ2

2
X2α−1

tk−1

[
(Wtk −Wtk−1)

2−∆t
]

︸ ︷︷ ︸
pushes the process in (0,+∞)
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MLMC application : a motivation for studding the strong error
Theorem – (Bossy Diop 2004)

For the symmetrized Euler scheme. Let b and f be a R-valued C4 bounded function,
with bounded spatial derivatives up to the order 4.
When α = 1

2 , if b(0)≥ 2σ2, then∣∣Ef (XT)−Ef (XT)
∣∣≤ C

(
∆t+

(
∆t
x0

) b(0)
σ2
)

for ∆t ≤ 1
2K ∧ x0.

When 1
2 < α < 1, |Ef (XT)−Ef (XT)| ≤ C

(
1+ 1

xq(α)
0

)
∆t, for ∆t ≤ 1

2K ∧
2x0
b(0)

Let EB̂(∆tl) a discrete-time weak approximation of Ef ((Xt,0≤ t ≤ T)) .
Multilevel Monte Carlo estimator :

ŶT = 1
N0

N0

∑
i=1

B̂(i)(∆t0)+
L

∑
l=1

1
Nl

Nl

∑
i=1

(
B̂(i)(∆tl)− B̂(i)(∆tl−1)

)
.

Optimal Choice for L,∆tt =
T

Ml , Nl, l = 1, . . . ,L in order to minimize the computational
time (complexity) for a targeted RMS error ε (Giles ’08)

E[(ŶT −Ef ((Xt,0≤ t ≤ T)))2] = O(ε2)
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MLMC experiment on the Zero Coupon Bound pricing with
CIR model

ZCB pricing of maturity T , B(0,T) = E[exp(−
∫ T

0 rsds)], that admits a wellknown
closed-form solution, easy to compute with precision

B(0,T) = A(T)e−B(T)x0 , A(T) =

[
2λe(b+λ )T/2

(λ +b)(eλT −1)+2λ

] 2a
σ2

, B(T) =
2(eλT −1)

(λ +b)(eλT −1)+2λ
.

where λ =
√

b2 +2σ2.

Given ε , choose the following a priori parametrization of the MLMC method (Giles ’08) :
I ∆tl =

1
2(l+1) ,

I L =
logε−1

log2

I Nl =
2
ε2

√
Vl∆tl

(
∑

L
l=0

√
Vl/dtl

)
I with Vl = Var

(
B̂(1)(∆tl)− B̂(1)(∆tl−1)

)
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MLMC experiment on the ZCB pricing with CIR model
Comparison with

• Alfonsi Implicit Scheme (AIS) for CIR (Alfonsi 2005)

• Balanced Milstein Scheme (BMS) (Kahl and Schurz 2006)

ε = 1.0e-03
(L = 9, ∆tL = 1/210)

SMS PMS AIS BMS

CPU time

(N0 + · · ·+NL)
(effective error)

0.2304

(792 651)
(1.970e-05)

0.2657

(950 838)
(3.347e-04)

0.264

(990 769)
(3.132e-04 )

0.274

(992 432)
(3.292e-04)

ε = 1.0e-04
(L = 13, ∆tL = 1/214)

SMS PMS AIS BMS

CPU time

(N0 + · · ·+NL)
(effective error)

16.871

(56 229 224)
(4.870e-05)

20.843

(70 876 600)
(1.091e-04)

17.311

(73 824 621)
(9.538e-06)

16.95

(73 668 115)
(2.203e-06)
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Theoretical strong rate of convergence for the SMS

Theorem
Assume that

I (i) Let p≥ 1. If α > 1
2 we assume b(0)> 2α(1−α)2σ2. Whereas for α = 1

2 we
assume b(0) > 3(2[p∨2]+1)σ2/2.

I (ii) The drift coefficient b is of class C 2(R), and b′′ has polynomial growth.

Define a maximum step size ∆max(α) as

∆max(α) =
x0

(1−
√

α)bσ (α)
∧


1

4αK(α)
, for α ∈ ( 1

2 ,1)

1
4K
∧ x0, for α = 1

2 .
(3)

Then for any p≥ 1 that allows (i), there exists a constant C depending on p, T , b(0), α ,
σ , K, and x0, but not on ∆t, such that for all ∆t ≤ ∆max(α),

sup
0≤t≤T

(
E
[
|Xt−Xt|p

]) 1
p ≤ C∆t. (4)
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Summary of convergence results for α = 1/2
Condition over the parameters for the strong convergence for various schemes

• Alfonsi Implicit Scheme (AIS) for CIR (Alfonsi 2005)

• Balanced Milstein Scheme (BMS) (Kahl and Schurz 2006)

• Modified Euler Scheme (MES) (Chassagneux et al 2015),

• Symmetryzed Euler Scheme (SES) (Berkaoui et al 2008)
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Numerical experiments for α = 1/2
dXt = 10−10Xt +σ

√
XtdWt,0≤ t ≤ 1 and x0 = 1. ∆t ∈ {∆max(α)

2n ,n = 1, . . .9},

• σ2 = 1, b(0)> 6σ2: theoretical rate of order 1 for SMS AIS MES

• σ2 = 4, b(0) ∈ (5 σ2

2 ,6σ2): theoretical rate of order 1 for AIS MES only
• σ2 = 6.5, b(0) ∈ (3σ2/2,5σ2/2): theoretical rate of order 1 for AIS only
• σ2 = 9, b(0) ∈ (σ2,3σ2/2): theoretical rate of order 1 for AIS only
• σ2 = 36, b(0)< σ2: only sublinear convergence are expected
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Summary of convergence results for 1/2 < α ≤ 1

Condition over the parameters for the strong convergence for various schemes
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Numerical experiments for α = 1/2
dXt = 10−10Xt +σXt

α dWt,0≤ t ≤ 1 and x0 = 1. ∆t ∈ {∆max(α)
2n ,n = 1, . . .9},

• First and fourth rows : b(0)> 2α(1−α)2σ2.
• Second and fifth rows : the parameters do not satisfy b(0)≥ 2α(1−α)2σ2

• Third and six rows : σ � b(0), SMS performs better than the BMS, specially when
σ2 grows.
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Some elements from the proof
(i) basic facts about (Xt,0≤ t ≤ T)
When 1

2 < α < 1, for any q > 0,

sup
0≤t≤T

E
[
X−q

t

]
≤ C(1+ x−q

0 ).

When α = 1
2 , for any q such that 1 < q < 2 b(0)

σ2 −1,

sup
0≤t≤T

E
[
X−q

t

]
≤ Cx−q

0 .

For all µ ≥ 0, there exist a positive constant C(T,µ), increasing in µ and T , depending
also on b, σ , α and x0 such that

Eexp

(
µ

∫ T

0

ds

X2(1−α)
s

)
≤ C(T,µ).

The inequality holds if b(0)> σ2

2 and µ ≤ σ2

8 (2 b(0)
σ2 −1)2.
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(i) basic facts about (Xt,0≤ t ≤ T)
Lemma Local error

For any p≥ 1, sup0≤t≤T E
[
|Xt−Xη(t)|2p

]
≤ C∆tp.

For α > 1
2 , assume b(0)> 2α(1−α)2σ2, whereas for α = 1

2 , assume
b(0)> 3(2p+1)σ2/2. Then the Corrected Local Error satisfies

sup
0≤t≤T

E
[∣∣∣σXα

t −σXα

η(t)−ασ
2X2α−1

η(t) (Wt−Wη(t))
∣∣∣2p
]
≤ C∆t2p.

For any α ∈ [ 1
2 ,1), if b(0)> 2α(1−α)2σ2, and ∆t ≤ 1/(2K(α)),

sup
0≤t≤T

P
(
Zt ≤ 0

)
≤ C exp

(
− γ

∆t

)
.

Fix ρ ∈ (0,1], and set x̄(α) = bσ (α)/K(α).

P
[
Zt ≤ (1−ρ)bσ (α)∆t, Xη(s) < ρ x̄(α) ] = 0.

For ∆t ≤ ∆max then there exist a positive γ > 0 such that

E
(

L0
T(X)

2
)
≤ C

1√
∆t

exp
(
−γ

2∆t

)
.
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A direct proof

Et := Xt−Xt

Itô Lemma + ∀x≥ 0, y≥ 0, |xα − yα |(x1−α + y1−α)≤ 2α|x− y|

E
[
E 2p

t

]
≤ C

∫ t

0
sup
u≤s

E
(
E 2p

u

)
ds+2p

∫ t

0
E
(
E 2p−1

s
[
b(Xη(s))−b(Xs)

])
ds

+8p(2p−1)
∫ t

0
E
(

E 2p−2
s

{
σXα

s −σXα
s

}2
)

ds+C∆t2p.

(5)

Trick: E
(
E 2p−2

s

{
σXα

s −σXα
s

}2)
≤ CE

(
E 2p

s X−2(1−α)
s

)
= CE

[
ΓsE

2p
s X−2(1−α)

s Γ−1
s

]
,

Applying Cauchy-Schwartz inequality:

E
[
ΓsE

2p
s

1

X2(1−α)
s

Γ
−1
s

]
≤
[
E
(

Γ
2
s E

4p
s

)] 1
2 ×

[
E

(
1

X4(1−α)
s

Γ
−2
s

)] 1
2

.

Choice of a good weight process (Γt,0≤ t ≤ T).
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The weighted error
Introduce

βt = 2p‖b′‖∞ +p(4p−1)+
4α2(1+δ 2)p(4p−1)σ2

X2(1−α)
t

,

and the Weight Process (Γt,0≤ t ≤ T) defined by Γt = exp
(
−
∫ t

0 βsds
)
.

Lemma Weighted Error

For p≥ 1 and α ∈ [ 1
2 ,1), for all ∆t ≤ ∆max(α)

sup
0≤t≤T

E
(

Γ
2
t E

4p
t

)
≤ C∆t4p. (6)

E
(

Γ
2
t E

4p
t

)
≤ 4p

∫ t

0
E
(

Γ
2
s E

4p−1
s

[
b(Xη(s))−b(Xs)

])
ds

+4p‖b′‖∞

∫ t

0
E
(

Γ
2
η(s)E

4p
η(s)

)
ds+4p‖b′‖∞

∫ t

0
E
(

Γ
2
s E

4p
s

)
ds

+2(1+δ
2)p(4p−1)E

(∫ t

0
Γ

2
s E

4p−2
s

[
σXα

s −σXα

s

]2
ds
)
+2p(4p−1)E

(∫ t

0
Γ

2
s E

4p
s ds

)
+2p(4p−1)

∫ t

0
E
(

Ds(X)4p
)

ds−E
(∫ t

0
2βsΓ

2
s E

4p
s ds

)
+
∫ t

0
E
(

Rs1{Zs<0}

)
ds+C∆t4p.
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Two concluding remarks

I A proof with 1D - arguments only in the exact process control of (negative)
moments.

I A too strong constraint on b(0), but generic smooth drift are allowed.
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