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The S&P 500 (the Standard & Poor’s 500) is a stock market index.
In Hutzenthaler, J & Noll 2015 we calibrate 498 stocks from the S&P 500 within the

Heston model: 359 stocks satisfy Z—‘g < 25, 162 stocks (=~ 32%) satisfy Z—‘Z < 1.



(i) On a defect of the Euler scheme

Theorem (Hairer, Hutzenthaler & J, AOP 2015)
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Plotof ||E[Xr] — E[YY]| for T =2and N € {2',22, ..., 2%}.
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(ii) Unsolvable SDEs

Theorem (J, Miller-Gronbach & Yaroslavtseva, to appear in CMS 2016)

Let (an)nen € (0, 00) satisfy lim, o @, = 0. Then there exist globally bounded
functions p, o € C>°(R*,R*) such thatV n € N:

inf inf E[X—UW .o W ]>a.
$1,.-,8n€[0,T] u: R"—R* H : ( o ) Sn)‘ -
measurable

(iii) Roughening effect Consider solution processes X*: [0,00) X Q — D, x € D,
of X} = p(X)) dt + o(X)) dW;, t > 0, X§ = x.
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(iv) Cox-Ingersoll-Ross process (d = 1): 0,3 > 0,7 € R, t € [0, T]:
dX; = (6 — vX;) dt + B/ X; aw,.

Approximation results in the literature:

@ Strong convergence rates in the case §—2 > 1: Berkaoui, Bossy & Diop 2008,
Dereich, Neuenkirch & Szpruch 2012, Alfonsi 2012, Neuenkirch & Szpruch 2013

@ Strong convergence without rates: Deelstra & Delbaen 1998, Alfonsi 2005,
Higham & Mao 2005, Lord, Koekkoek & Dijk 2010, Gyéngy & Rasonyi 2011,
Halidias 2012

@ Alfonsi 2005: numerical estimates for strong convergence rates in the case
1< & <.

@ No proof of strong convergence rates in the case 23—‘2 < 1.
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(iv) Cox-Ingersoll-Ross process (d = 1): 0,3 > 0,7 € R, t € [0, T]:
dX; = (0 — X)) dt + Bv/X; dw,.
In the case 0 :— ﬁ—g——>0weobtaans>O dC>0:VNeN:
]E[SUpte[O,T] ’Xt o YINH <c- stmin{eg/z}

(Hutzenthaler, J & Noll 2014) where (Y¥),c[o,71, N € N, are linearly-interpolated
drift-implicit square-root Euler approximations (Alfonsi 2005).
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(v) stochastic Duffing-van der Pol oscillator (d = 2), stochastic Lorenz equation
(d = 3),...: Stopped-tamed Euler-Maruyama approximations
ZN:{0,1,...,N} x Q = R N € N, given by Z}' := X; and

T N N
N N HZY) 5 +3(Z)AW,;
Zin = Z0t zi<on(Inr/m )} T3 A(ZNE 1 6 (2N AWHE

foralln € {0,1,...,N—1}, N € N (Hutzenthaler, J & Wang, to appear in Math.
Comp. 2016) satisfy

Vp e (0,00): 3C € [0,00): VN € N: [ Xr — Z{||ip(rey <

ER

Open questions:
@ stochastic Lorenz equations (d = 3) with multiplicative noise,
@ stochastic Duffing oscillator (d = 2) with additive or multiplicative noise,
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(vi) Cahn-Hilliard Cook equation (d = o0) driven by a standard Wiener process:
aXy(x) = [ — 9Xe(x) + 82 (X(x)® — Xi(x))] dt + awi(x)

for x € (O, 1) with Neumann and no-flux boundary conditions and regular initial value.
Kovacs, Larsson, Mesforush 2011, in particular, implies
Va e (0,2),e >0:3Che>0:Vh>0:3Q,,CQ:

P(Qep) >1—¢ and 1q., sup HXf — Y,"H < Cqe h®
teo,7]
(semi strong convergence rate) and hence

lim E
h\0

Hutzenthaler & J 2014: V& € (0,2),p > 0: 3Cq p > 0:

sup HXf o Y”H ]
tefo,7]

N .
sup HXr Y, H < CapN™“.
tefo,7] 1P(QR)
Open questions: rougher noise, multiplicative noise, stochastic Burgers equations,
stochastic Navier-Stokes equations, stochastic Kuramoto-Shivashinski equations,
nonlinear stochastic Wave equations, . . .
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(iv) Cox-Ingersoll-Ross process (d = 1): 0,3 > 0,7 € R, t € [0, T]:
dX, =(6— 'yX,) dt + B/ X, dW,.
In the case 0 := ? — 5 >0weobtainVe >0:3C>0: VN N:
E [supiepo,r] X — ¥}'|] < ¢ Nemmnt0 )

(Hutzenthaler, J & Noll 2014) where (Y}¥),c[o,71, N € N, are linearly-interpolated
drift-implicit square-root Euler approximations (Alfonsi 2005). A few ideas in the
proof in the case ¥ = 0, § = 2: [i(0) := 0, fi(x) := % for x € (0, 00) and
X; = /X, Y = /Yfort € [0, T] satisfy Vt € [0, T]: P-as.:

t

t
X, = xo+/ i(Xs) ds + W, ?,”:5(0+/ /Z(Y[’\;1T/N)ds+ W,.
0 0

Itd’s formula ensures V' ¢ € [0, T]: P-a.s..
t
%= Ve = [ (= 7 (a0%) ~ (Y, ) 0
0
t t
= / (% — V) (A(Xs) — (")) ds + / (% = ¥&) (a(v) = Alvfy, ) ds
0 0

Key difficulty: E — Xrs < ...or, more generally, E||X, — X, || <
|— 17/ 1 2
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In the case 0 := ;—2 — % > O0weobtainVe >0:3C>0:VN€EN:
E[SUpte[O,T] ’Xt _ YtNH <c- Nefmin{eg/z}

(Hutzenthaler, J & Noll 2014) where (Y}")c[o.71, N € N, are linearly-interpolated
drift-implicit square-root Euler approximations (Alfonsi 2005). A few ideas in the
proof in the case v = 0, 5 = 2: [i(0) := 0, fi(x) := g for x € (0, 00) and



(iv) Cox-Ingersoll-Ross process (d = 1): 0,3 > 0,7 € R, t € [0, T]:
dX; = (6 — vX;) dt + B/ X; aw,.
In the case 0 := ;—2 — % > O0weobtainVe >0:3C>0:VN€EN:

E[supiepo,r 1X — Y{'l] < C- e~ min{01/2}

(Hutzenthaler, J & Noll 2014) where (Y}")c[o.71, N € N, are linearly-interpolated
drift-implicit square-root Euler approximations (Alfonsi 2005). A few ideas in the
proof in the case v = 0, 5 = 2: [i(0) := 0, fi(x) := g for x € (0, 00) and

X, =X, Y = /Yifort € [0, T]



(iv) Cox-Ingersoll-Ross process (d = 1): 0,3 > 0,7 € R, t € [0, T]:
dX; = (6 — vX;) dt + B/ X; aw,.
In the case 0 := ;—2 — % > O0weobtainVe >0:3C>0:VN€EN:

E[supiepo,r 1X — Y{'l] < C- e~ min{01/2}

(Hutzenthaler, J & Noll 2014) where (Y}")c[o.71, N € N, are linearly-interpolated
drift-implicit square-root Euler approximations (Alfonsi 2005). A few ideas in the
proof in the case v = 0, 5 = 2: [i(0) := 0, fi(x) := g for x € (0, 00) and

X; = /X, Y = /Y fort € [0, T] satisfy Vt € [0, T]: P-as.:



(iv) Cox-Ingersoll-Ross process (d = 1): 0,3 > 0,7 € R, t € [0, T]:
dX, = (6 — vX) dt + B/ X; dW,.
In the case 0 := ? — 5 >0weobtainVe >0:3C>0: VN € N:
E[SUpte[O,T] ’Xt o YtNH <c- Nefmin{eg/z}

(Hutzenthaler, J & Noll 2014) where (Y}")c[o.71, N € N, are linearly-interpolated
drift-implicit square-root Euler approximations (Alfonsi 2005). A few ideas in the
proof in the case v = 0, 5 = 2: [i(0) := 0, fi(x) := g for x € (0, 00) and

X; = /X, Y = /Y fort € [0, T] satisfy Vt € [0, T]: P-as.:

t
X = Xo+/ fi(Xs) ds + W,
0



(iv) Cox-Ingersoll-Ross process (d = 1): 0,3 > 0,7 € R, t € [0, T]:
dX, = (6 —vX) dt + Bv/X; aW,.
In the case 0 := ? — 5 >0weobtainVe >0:3C>0: VN € N:

E[supiepo,r 1X — Y{'l] < C- e~ min{01/2}

(Hutzenthaler, J & Noll 2014) where (Y}")c[o.71, N € N, are linearly-interpolated
drift-implicit square-root Euler approximations (Alfonsi 2005). A few ideas in the
proof in the case v = 0, 5 = 2: [i(0) := 0, fi(x) := g for x € (0, 00) and
X; = /X, Y = /Y fort € [0, T] satisfy Vt € [0, T]: P-as.:

t

t
X, = xo+/ ii(Xs) ds + W, ?,”:5<0+/ ﬂ(Y[’\;1T/N)ds+ W,.
0 0



(iv) Cox-Ingersoll-Ross process (d = 1): 0,3 > 0,7 € R, t € [0, T]:
dX, = (6 —vX) dt + Bv/X; aW,.
In the case 0 := ? — 5 >0weobtainVe >0:3C>0: VN € N:

E[supiepo,r 1X — Y{'l] < C- e~ min{01/2}

(Hutzenthaler, J & Noll 2014) where (Y}")c[o.71, N € N, are linearly-interpolated
drift-implicit square-root Euler approximations (Alfonsi 2005). A few ideas in the
proof in the case v = 0, 5 = 2: [i(0) := 0, fi(x) := g for x € (0, 00) and
X; = /X, Y = /Y fort € [0, T] satisfy Vt € [0, T]: P-as.:

t

t
X, = xo+/ ii(Xs) ds + W, ?,”:5(0+/ ﬂ(Y[’\;1T/N)ds+ W,.
0 0

1t6’s formula ensures V' ¢ € [0, T]: P-a.s.:



(iv) Cox-Ingersoll-Ross process (d = 1): 0,3 > 0,7 € R, t € [0, T]:
dX, = (6 — vX) dt + B/ X; dW,.
In the case 0 := ? — 5 >0weobtainVe >0:3C>0: VN € N:
E[SUpte[O,T] ’Xt o YtNH <c- Nefmin{eg/z}

(Hutzenthaler, J & Noll 2014) where (Y}")c[o.71, N € N, are linearly-interpolated
drift-implicit square-root Euler approximations (Alfonsi 2005). A few ideas in the
proof in the case v = 0, 5 = 2: [i(0) := 0, fi(x) := g for x € (0, 00) and
X; = /X, Y = /Y fort € [0, T] satisfy Vt € [0, T]: P-as.:

t

t
X, = xo+/ ii(Xs) ds + W, ?,”:5<0+/ ﬂ(Y[’\;1T/N)ds+ W,.
0 0

1t6’s formula ensures V' ¢ € [0, T]: P-a.s.:

t
%= = [ (= V) (0) ~ (Y, ) e



(iv) Cox-Ingersoll-Ross process (d = 1): 0,3 > 0,7 € R, t € [0, T]:
dXt == (6 - '}/Xt) dt + /8\/ X dW[

In the case 0 := ? — 5 >0weobtainVe >0:3C>0: VN € N:

E[SUpte[mT] ’Xt o Yt H <c- stmm{eq/z}
(Hutzenthaler, J & Noll 2014) where (Y,N),E[OJ], N € N, are linearly-interpolated
drift-implicit square-root Euler approximations (Alfonsi 2005). A few ideas in the
proof in the case 7 = 0, 3 = 2: i(0) := 0, ji(x) := £ for x € (0, ) and
X = /X, Y = \/Yifort € [0, T] satisfy V¢ € [0, T]: P-as.:

t

t
X; = xo+/ A(Xs) ds + W, ?,N:)'<0+/ /Z(Y[";1T/N)ds+ W;.
0 0

1t6’s formula ensures V' ¢ € [0, T]: P-a.s.:



(iv) Cox-Ingersoll-Ross process (d = 1): 0,3 > 0,7 € R, t € [0, T]:
dX, = (6 — vX) dt + B/ X; dW,.
In the case 0 := ? — 5 >0weobtainVe >0:3C>0: VN € N:
E [supiepo,r] X — ¥}'|] < ¢ Nemmnt0 e}

(Hutzenthaler, J & Noll 2014) where (Y}")c[o.71, N € N, are linearly-interpolated
drift-implicit square-root Euler approximations (Alfonsi 2005). A few ideas in the
proof in the case v = 0, 5 = 2: [i(0) := 0, fi(x) := g for x € (0, 00) and
X; = /X, Y = /Y fort € [0, T] satisfy Vt € [0, T]: P-as.:

t

t
X, = xo+/ ii(Xs) ds + W, ?,”:5<0+/ ﬂ(Y[’\;1T/N)ds+ W,.
0 0

1t6’s formula ensures V' ¢ € [0, T]: P-a.s.:
t
%= Ve = [ (= 7 (a0%) ~ (Y, ) 0
0
t t
— [ (R w)(E00) - O as+ [ (K= W) @O - A, )os
0 0

Key difficulty:



(iv) Cox-Ingersoll-Ross process (d = 1): 0,3 > 0,7 € R, t € [0, T]:
dX, = (6 — vX) dt + B/ X; dW,.
In the case 0 := ? — 5 >0weobtainVe >0:3C>0: VN € N:
E [supiepo,r] X — ¥}'|] < ¢ Nemmnt0 e}

(Hutzenthaler, J & Noll 2014) where (Y}")c[o.71, N € N, are linearly-interpolated
drift-implicit square-root Euler approximations (Alfonsi 2005). A few ideas in the
proof in the case v = 0, 5 = 2: [i(0) := 0, fi(x) := g for x € (0, 00) and

X; = /X, Y = /Y fort € [0, T] satisfy Vt € [0, T]: P-as.:

t t
X; = xo+/ A(Xs) ds + W, ?,“’:)‘<o+/ ﬂ(Y[’\;1T/N)ds+ W;.
0 0

1t6’s formula ensures V' ¢ € [0, T]: P-a.s.:
%= = [ (= V) (0) ~ (Y, ) e
= [ =) 00 - e as-+ [ (= 72 (102 - ROy, s

Key difficulty: E[|X, — X, /N|] <...



(iv) Cox-Ingersoll-Ross process (d = 1): 0,3 > 0,7 € R, t € [0, T]:

dX; = (6 — vX,) dt + Bv/X; aw,.
In the case 0 —?——>0weobtaan6>O dCc>0:VNeN:

IE[SUpte[o,T] Xe — Y H < ¢ Nemin{0 /2

(Hutzenthaler, J & Noll 2014) where (Y}")c[o.71, N € N, are linearly-interpolated
drift-implicit square-root Euler approximations (Alfonsi 2005). A few ideas in the
proof in the case v = 0, 5 = 2: [i(0) := 0, fi(x) := g for x € (0, 00) and
X; = /X, Y = /Y fort € [0, T] satisfy Vt € [0, T]: P-as.:

t

t
X, = xo+/ ii(Xs) ds + W, ?,”:5<0+/ ﬂ(Y[’\;1T/N)ds+ W,.
0 0

1t6’s formula ensures V' ¢ € [0, T]: P-a.s.:

R T = [ (= 72 () — RO, ) o
= [ =) 00 - e as-+ [ (= 72 (102 - ROy, s

Key difficulty: E — Xrs < ...or, more generally, E||X, — X, || <
|— 17/ 1 2



Key difficulty: E[|X; — X5, [] <

< ... or, more generally, IEU)_Q1 — )_(,ZH < ...



Key difficulty: E[|X; — X4, ,
Note V¢ € (0,00), ti,t € [0, T]with t; < t,:

] <...or, moregenerally, E[|X; — X,||] <...



Key difficulty: [ X — X[ T/NH < ... or, more generally, E[|X, — X,|] <
Note V¢ € (0,00), ti,t € [0, T]with t; < t,:

E[I% — % = E[| X% ~ V%l



Key difficulty: [ X — X[ T/NH < ... or, more generally, E[|X, — X,|] <
Note V¢ € (0,00), ti,t € [0, T]with t; < t,:

E[I% — % = E[| X% ~ V%l
= E[Lpx, 50 [V — vl



Key difficulty: [ X — X[ T/NH < ... or, more generally, E[|X, — X,|] <
Note V¢ € (0,00), ti,t € [0, T]with t; < t,:

IEUXt1 th} = “\/XT \/Yb‘}
= E[]l{x,pc}‘\/xif \/XTz’] +E[1{Xn<c}‘\/7’17 \/Xz’]



Key difficulty: [ X — X[ T/NH < ... or, more generally, E[|X, — X,|] <
Note V¢ € (0,00), ti,t € [0, T]with t; < t,:

IEUXt1 th} = “\/XT \/Yb‘}
= E[]l{x,pc}‘\/xif \/XTz’] +E[1{Xn<c}‘\/7’17 \/Xz’]

Xty =X |
<E|Lix>a i



Key difficulty: [ X — X[ T/NH < ... or, more generally, E[|X, — X,|] <
Note V¢ € (0,00), ti,t € [0, T]with t; < t,:

EUXH th} = “\/XT \/Yb‘}
= E[]l{x,pc}‘\/xif \/)sz’] +E[1{Xn<c}‘\/7’17 \/Xz’]

<E|Lix>a i | +B| Lo <o v/I% = Xl



Key difficulty: [ X — X[ T/NH < ... or, more generally, E[|X, — X,|] <
Note V¢ € (0,00), ti,t € [0, T]with t; < t,:

E[1%, - Xul] = B[ |V/X — /%]
:E[]].{x,1>c}‘\/x>t1* \/)sz]] +E[Jl{xq<c}\\/x>ﬁf \/ij’]
< ]E|:]]~{X[1>C}‘\/|§%+)\(/t2)|(72‘:| —&-E[]I{X[ <C}m}

< E Ly, 272!



Key difficulty: [ X — X[ T/NH < ... or, more generally, E[|X, — X,|] <
Note V¢ € (0,00), ti,t € [0, T]with t; < t,:

E[1%, - Xul] = B[ |V/X — /%]
:E[]].{x,1>c}‘\/x>t1* \/)sz]] +E[Jl{xq<c}\\/x>ﬁf \/ij’]
< ]E|:]]~{X[1>C}‘\/|§%+)\(/t2)|(72‘:| —&-E[]I{X[ <C}m}

= E[E{ch}‘ i/*XIZ‘] +E[1{X“<°}m}



Key difficulty: EUX X[s]

T/NH —

Note V¢ € (0,00), t, & € [0, T]W|th th < tb:

E[I% — % = E[| X% ~ V%l

=E
<E
<E

<E

1{xt1>c}\\/7n* WQ] +E[1{xq<c}\\/7r \/X?!]

|Xt1 Xt2| |: X1 Xt2:|
1{X[1>C}‘M+m‘:| +E ]]‘{X[ <C}\/‘t7

1,50 222 + B[ 14, VI — X

' bl ]
ﬂ{xn>c}]E[ e \er}

.. or, more generally, E[|X, — X,|] <....



Key difficulty: EUX X[s]

T/NH < ... or, more generally, E[|X, — X,|] <

Note V¢ € (0,00), t, & € [0, T]W|th th < tb:

E[I% — % = E[| X% ~ V%l

=E
<E
<E

<E

1{xt1>c}\\/7n* WQ] +E[1{xq<c}\\/7r \/X?!]

|Xt1 Xt2|
]l{Xz1>c}\m+m\} +E{1{x[ <c}m}

1,50 222 + B[ 14, VI — X
Lo E| P22l || +E[10x, <0 B[V = Xl %]



Key difficulty: EUX X[s]

T/NH < ... or, more generally, E[|X, — X,|] <

Note V¢ € (0,00), t, & € [0, T]W|th th < tb:

E% — %] = B[V - v

=E
<E
<E

<E

1{xt1>c}\\/7n* WQ] +E[1{xq<c}\\/7r \/X?!]

|Xt1 Xt2|
]l{Xz1>c}\m+m\} +E{1{x[ <c}m}

1,50 222 + B[ 14, VI — X
Lo E| P22l || +E[10x, <0 B[V = Xl %]

:]l{Xf1>C} ﬁ E“Xﬁ - XleXh]]



Key difficulty: [ X — X[ T/NH < ... or, more generally, E[|X, — X,|] <
Note V¢ € (0,00), ti,t € [0, T]with t; < t,:

E[1% — %] = E[|v/% — V%]

= E[ L >0t [V — Vel | + B[ L, <ot [V — V%]

<E ]l{X[1>c} ‘J%Jrf}z)'(—@d + E[l{x, <c}m}

<E _]l{X[1>c}‘ i/—x'z‘] +E{1{xﬁ<c}\/W}

B |

<E :]l{X[1>c} ﬁEUXn - thHXn]] + E[ﬂ{x,1<c} \/EUXn - thHXn]] :




Key difficulty: [ X — X[ T/NH < ... or, more generally, E[|X, — X,|] <
Note V¢ € (0,00), ti,t € [0, T]with t; < t,:

E[1% — %] = E[|v/% — V%]

= E[ L >0t [V — Vel | + B[ L, <ot [V — V%]

<E ]l{X[1>c} ‘J%Jrf}z)'(—@d + E[l{x, <c}m}

<E _]l{X[1>c}‘ i/—x'z‘] +E{1{xﬁ<c}\/M}

B |

<E :]l{X[1>c} ﬁEUXn - thHXn]] + E[ﬂ{x,1<c} \/EUXn - thHXn]] :

This allows us to obtain



Key difficulty: [ X — X[ T/NH < ... or, more generally, E[|X, — X,|] <
Note V¢ € (0,00), ti,t € [0, T]with t; < t,:

E[1% — %] = E[|v/% — V%]

= E[ L >0t [V — Vel | + B[ L, <ot [V — V%]

<E ]l{X[1>c} ‘J%Jrf}z)'(—@d + E[l{x, <c}m}

<E _]l{X[1>c}‘ i/—x'z‘] +E{1{xﬁ<c}\/M}

B |

<E :]l{X[1>c} ﬁEUXn - thHXn]] + E[ﬂ{x,1<c} \/EUXn - thHXn]] :

This allows us to obtain V p € (0, 00):



Key difficulty: [ X — X[ T/NH < ... or, more generally, E[|X, — X,|] <
Note V¢ € (0,00), ti,t € [0, T]with t; < t,:

E[1% — %] = E[|v/% — V%]

= E[ L >0t [V — Vel | + B[ L, <ot [V — V%]

<E ]l{X[1>c} ‘J%Jrf}z)'(—@d + E[l{x, <c}m}

<E _]l{X[1>c}‘ i/—x'z‘] +E{1{xﬁ<c}\/M}

B |

<E :]l{X[1>c} ﬁEUXn - thHXn]] + E[ﬂ{x,1<c} \/EUXn - thHXn]] :

This allows us to obtain V p € (0, 00):

BV =)'

1/2
t,€[0,7], |ty — b /
H<tp




Key difficulty: [ X — X[ T/NH < ... or, more generally, E[|X, — X,|] <
Note V¢ € (0,00), ti,t € [0, T]with t; < t,:

E[1% — %] = E[|v/% — V%]

= E[ L >0t [V — Vel | + B[ L, <ot [V — V%]

<E ]l{X[1>c} ‘J%Jrf}z)'(—@d + E[l{x, <c}m}

<E _]l{X[1>c}‘ i/—x'z‘] +E{1{xﬁ<c}\/M}

B |

<E :]l{X[1>c} ﬁEUXn - thHXn]] + E[ﬂ{x,1<c} \/EUXn - thHXn]] :

This allows us to obtain V p € (0, 00):

1 - = 1
sup (EUVX“ _ VXf2|p]) " = sup (E“Xt‘ - Xt2|p]) ’
t,€[0,7], |ty — t2‘1/2 t,€[0,T], |ty — T2|1/2

H<tp H <t

< Q.




Consider

Nt 1 —1 B
dX1(f) = ]1(1,00)(X4(t)) . ePaPr-1) . COS<|:X3(1) . fe(1_“2) dU:| e[Xz(t)] > dt
0
(1) = aw, .
dX3(Z“) = ]1(71’1)(X4(t)) . e(1_[X4(t)]2) at
dXy(t) = 1dt

for t € [0, T] with X(0) = 0 and T € [2, 00). We establish the lower bound
L] - B[] 2 ol In")

forall N > 44.

Lower bounds for approximations of stochastic (O)DEs in the literature: E.g., Clark &
Cameron 1978 (Rate %), Davie & Gaines 2000 (Rate %), Mller-Gronbach 2002 (Rate
1 up to a logarithmic term), Milller-Gronbach & Ritter 2007 & 2008 (Rate « € (0, 00)
depending on the regularity of the problem), Hutzenthaler, J & Kloeden 2011
(divergence), Kruse 2012 (Rate 1, 2, .. .), ...

Here it is established that Euler’s method converges without any arbitrarily small
polynomial rate of convergence.




Consider

ax()y= veZ—U -cos([Xg(t) - Qj‘eh—lz) du] e[Xz(t)]3> dt
dXa(t) = AW, .

dXs(t) = ]1(7171)(X4(t)) e (1=[e()) gt

dX,(t) = 1dt

for t € [0, T] with X(0) = 0 and T € [2, 00). We establish the lower bound
] B[] > o-@1m)

forall N > 44.

Lower bounds for approximations of stochastic (O)DEs in the literature: E.g., Clark &
Cameron 1978 (Rate %), Davie & Gaines 2000 (Rate %), Mller-Gronbach 2002 (Rate
% up to a logarithmic term), Miller-Gronbach & Ritter 2007 & 2008 (Rate o € (0, 00)
depending on the regularity of the problem), Hutzenthaler, J & Kloeden 2011
(divergence), Kruse 2012 (Rate 1, 2, .. .), ...

Here it is established that Euler’s method converges without any arbitrarily small
polynomial rate of convergence.




Consider

aXi(t) = L(1,00)(Xa(t))



Consider

X (1) = (1 00y (Xa(1)) - TP



Consider

=1 L 3
dX1( ) = 1(1 o) (X4(t)) e ([xa( t)]2_1) . COS<|:X3(t) — E{e(1—L12) du:| e[Xz(t)] >



Consider

=1 L 3
dX1( ) = 1(1 o) (X4(t)) e ([xa( t)]2_1) . COS<|:X3(t) — E{e(1—L12) du:| e[Xz(t)] > dt



Consider

=1 L 3
dX1(t) = 1(1 o) (X4(t)) e (a( t)]2_1) . COS<|:X3(t) — E{e(1—L12) du:| e[Xz(t)] > dt

aXe(t) =



Consider

s 1 —1 3
X () = L(y 00y (Xa(t)) - €0 Q= cos([Xs(t) — [el(=2) du] el (] ) ot
0
dXe(t) = dwW;



Consider

s 1 —1 3
X () = L(y 00y (Xa(t)) - €0 Q= cos([Xs(t) — [el(=2) du] el (] ) ot
0
dXo(t) = dW;
dX3(t) =



Consider

s 1 —1 3
X () = L(y 00y (Xa(t)) - €0 Q= cos([Xs(t) — [el(=2) du] el (] ) ot
0
dXo(t) = dW,
aXs(t) = Ty 1)(Xa(t))



Consider

[ N 1 =1 3
dX1(t) = ]1(1700)(X4(t)) . e(a(P-1) -c03<|:X3(1) — [el=#) du:| e[XZ(t)] > dt
0
ng(f) = dW; _
dX3(t) = ]1(7171)(X4(t)) e (1= (D))



Consider

—1 1 —1 3
dX1(t) = ]1(1700)(X4(t)) . e(xa(P-1) -c03<|:X3(1) — fe(1—u2) du:| e[XZ(t)] > dt
0
ng(t) = dW; _
dX3(t) = ]1(7171)(X4(t)) . e(1_[X4(t)]2) at



Consider

—1 1 —1 3
dX1(t) = ]1(1700)(X4(t)) . e(a(P-1) -cos<|:X3(t) — fe@ du] e[XZ(t)] > at
0
ng(t) = dW; 4
dX3(t) = ]1(71 1)(X4(t)) . e(1_[X4(t)]2) at
(1)



Consider

[ N 1 =1 3
dX1(t) = ]1(1700)(X4(t)) . e(xa(P-1) -c03<|:X3(1) — fe(1—u2) du:| e[XZ(t)] > dt
0
ng(t) = dW; _
dX3(t) = ]1(7171)(X4(t)) . e(1_[X4(t)]2) at
dXy(t) = 1dt



Consider

[ N 1 =1 3
dX1(t) = ]1(1700)(X4(t)) . e(xa(P-1) -c03<|:X3(1) — fe(1—u2) du:| e[XZ(t)] > dt
0
ng(t) = dW; _
dX3(t) = ]1(7171)(X4(t)) . e(1_[X4(t)]2) at
dXy(t) = 1dt

for t € [0, T]



Consider

[ N 1 =1 3
dX1(t) = ]1(1700)(X4(1‘)) . e(xa(P-1) -c03<|:X3(1) — fe(1—u2) du:| e[XZ(t)] > dt
0
ng(t) = dW; _
dX3(t) = ]1(7171)(X4(t)) . e(1_[X4(t)]2) at
dXy(t) = 1dt

for t € [0, T] with X(0) = 0



Consider

—1 1 —1 3
dX1(t) = ]1(1700)(X4(1‘)) . e(a(P-1) -cos<|:X3(t) — fe@ du] e[XZ(t)] > at
0
ng(t) = dW; _
dX3(t) = ]1(7171)(X4(t)) . e(1_[X4(t)]2) at
dXy(t) = 1dt

for t € [0, T] with X(0) = 0and T € [2, 00).



Consider

—1 1 —1 3
dX1(t) = ]1(1700)(X4(1‘)) - e(Pa(P -1 -cos<|:X3(t) — fem du] e[X2(t)] > at
0
ng(t) = dW; _
dX3(t) = ]1(7171)(X4(t)) . e(1_[X4(f)]2) at
dXy(t) = 1dt

for t € [0, T] with X(0) = 0and T € [2, 00). We establish the lower bound



Consider

—1 1 —1 3
aXi(t) = L1 o0y (Xa(t)) - e@aP-D -cos([Xs(l‘) — [el(-# du] gle(?)] > at
0
aXo(t) = dw, B
dX3(t) = ]1(7171)(X4(t)) . e(1_[X4(f)]2) at
dXy(t) = 1dt

for t € [0, T] with X(0) = 0and T € [2, 00). We establish the lower bound

B[] —E[¥]]]



Consider

—1 1 —1 3
aXi(t) = L1 o0y (Xa(t)) - e@aP-D -cos([Xs(l‘) — [el(-# du] gle(?)] > at
0
aXo(t) = dw, B
dX3(t) = ]1(7171)(X4(t)) . e(1_[X4(f)]2) at
dXy(t) = 1dt

for t € [0, T] with X(0) = 0and T € [2, 00). We establish the lower bound

x| —E[]] 2



Consider

—1 1 —1 3
aXi(t) = L1 o0y (Xa(t)) - e@aP-D -cos([Xs(l‘) — [el(-# du] gle(?)] > at
0
aXo(t) = dw, B
dX3(t) = ]1(7171)(X4(t)) . e(1_[X4(f)]2) at
dXy(t) = 1dt

for t € [0, T] with X(0) = 0and T € [2, 00). We establish the lower bound

[E[x] ~ E[]]| = ol-1000)



Consider

—1 1 —1 3
aXi(t) = L1 o0y (Xa(t)) - e@aP-D -cos([Xs(l‘) — [el(-# du] gle(?)] > at
0
aXo(t) = dw, B
dX3(t) = ]1(7171)(X4(t)) . e(1_[X4(f)]2) at
dXy(t) = 1dt

for t € [0, T] with X(0) = 0and T € [2, 00). We establish the lower bound
[ ] = B[] > ol2otmeor)

forall N > 44.



Consider

[ N 1 =1 3
dX1(t) = ]1(1700)(X4(1‘)) . e(a(02—1) 'COS<|:X3(1‘) — fe(1—u2) du:| e[X2(t)] > dt
0
ng(t) = dW; _
dX3(t) = ]1(7171)(X4(t)) . e(1_[X4(f)]2) at
dXy(t) = 1dt

for t € [0, T] with X(0) = 0and T € [2, 00). We establish the lower bound
[ ] ~ B[] = el -1

forall N > 44.
Lower bounds for approximations of stochastic (O)DEs in the literature:




Consider

[ N 1 =1 3
dX1(t) = ]1(1700)(X4(1‘)) . e(a(02—1) 'COS<|:X3(1‘) — fe(1—u2) du:| e[X2(t)] > dt
0
ng(t) = dW; _
dX3(t) = ]1(7171)(X4(t)) . e(1_[X4(f)]2) at
dXy(t) = 1dt

for t € [0, T] with X(0) = 0and T € [2, 00). We establish the lower bound
[ ] ~ B[] = el -1

forall N > 44.
Lower bounds for approximations of stochastic (O)DEs in the literature: E.g.,




Consider

[ N 1 =1 3
dX1(t) = ]1(1700)(X4(1‘)) NG -COS<|:X3(1‘) _ fe(1_u2) du] e[Xz(t)] > dt
0
ng(t) = dW; _
dX3(t) = ]1(7171)(X4(t)) . e(1_[X4(f)]2) at
dXy(t) = 1dt

for t € [0, T] with X(0) = 0and T € [2, 00). We establish the lower bound
[ ] ~ B[] = el -1

forall N > 44.
Lower bounds for approximations of stochastic (O)DEs in the literature: E.g., Clark &
Cameron 1978 (Rate %),




Consider

[ N 1 =1 3
dX1(t) = ]1(1700)(X4(1‘)) NG -COS<|:X3(1‘) _ fe(1_u2) du] e[Xz(t)] > dt
0
ng(t) = dW; _
dX3(t) = ]1(7171)(X4(t)) . e(1_[X4(f)]2) at
dXy(t) = 1dt

for t € [0, T] with X(0) = 0and T € [2, 00). We establish the lower bound
[ ] ~ B[] = el -1

forall N > 44.
Lower bounds for approximations of stochastic (O)DEs in the literature: E.g., Clark &
Cameron 1978 (Rate ), Davie & Gaines 2000 (Rate 1),




Consider

[ N 1 =1 3
dX1(t) = ]1(1700)(X4(1‘)) NG -COS<|:X3(I‘) _ fe(1_u2) du] e[Xz(t)] > dt
0
ng(t) = dW; _
dX3(t) = ]1(7171)(X4(t)) . e(1_[X4(f)]2) at
dXy(t) = 1dt

for t € [0, T] with X(0) = 0and T € [2, 00). We establish the lower bound
[ ] ~ B[] = el -1

forall N > 44.

Lower bounds for approximations of stochastic (O)DEs in the literature: E.g., Clark &
Cameron 1978 (Rate %), Davie & Gaines 2000 (Rate %), Mller-Gronbach 2002 (Rate
% up to a logarithmic term),




Consider

[ N 1 =1 3
dX1(t) = ]1(1700)(X4(1‘)) NG -COS<|:X3(I‘) _ fe(1_u2) du] e[Xz(t)] > dt
0
ng(t) = dW; _
dX3(t) = ]1(7171)(X4(t)) . e(1_[X4(t)]2) at
dXy(t) = 1dt

for t € [0, T] with X(0) = 0and T € [2, 00). We establish the lower bound
[ ] ~ B[] = el -1

forall N > 44.

Lower bounds for approximations of stochastic (O)DEs in the literature: E.g., Clark &
Cameron 1978 (Rate %), Davie & Gaines 2000 (Rate %), Mller-Gronbach 2002 (Rate
1 up to a logarithmic term), Miiller-Gronbach & Ritter 2007 & 2008 (Rate a € (0, c0)
depending on the regularity of the problem),




Consider

[ N 1 =1 3
dX1(t) = ]1(1700)(X4(1‘)) NG -COS<|:X3(I‘) _ fe(1_u2) du] e[Xz(t)] > dt
0
ng(t) = dW; _
dX3(t) = ]1(7171)(X4(t)) . e(1_[X4(t)]2) at
dXy(t) = 1dt

for t € [0, T] with X(0) = 0and T € [2, 00). We establish the lower bound
[ ] ~ B[] = el -1

forall N > 44.

Lower bounds for approximations of stochastic (O)DEs in the literature: E.g., Clark &
Cameron 1978 (Rate %), Davie & Gaines 2000 (Rate %), Mller-Gronbach 2002 (Rate
1 up to a logarithmic term), Miiller-Gronbach & Ritter 2007 & 2008 (Rate a € (0, c0)
depending on the regularity of the problem), Hutzenthaler, J & Kloeden 2011
(divergence),




Consider

[ N 1 =1 3
dX1(t) = ]1(1700)(X4(1‘)) NG -COS<|:X3(I‘) _ fe(1_u2) du] e[Xz(t)] > dt
0
ng(t) = dW; _
dX3(t) = ]1(7171)(X4(t)) . e(1_[X4(t)]2) at
dXy(t) = 1dt

for t € [0, T] with X(0) = 0and T € [2, 00). We establish the lower bound
[EDe] — B[R] = {20001

forall N > 44.

Lower bounds for approximations of stochastic (O)DEs in the literature: E.g., Clark &
Cameron 1978 (Rate %), Davie & Gaines 2000 (Rate %), Mller-Gronbach 2002 (Rate
1 up to a logarithmic term), Miiller-Gronbach & Ritter 2007 & 2008 (Rate a € (0, c0)
depending on the regularity of the problem), Hutzenthaler, J & Kloeden 2011

(divergence), Kruse 2012 (Rate 1, 2, .. .),




Consider

[ N 1 =1 3
dX1(t) = ]1(1700)(X4(1‘)) NG -COS<|:X3(I‘) _ fe(1_u2) du] e[Xz(t)] > dt
0
ng(t) = dW; _
dX3(t) = ]1(7171)(X4(t)) . e(1_[X4(t)]2) at
dXy(t) = 1dt

for t € [0, T] with X(0) = 0and T € [2, 00). We establish the lower bound
[EDe] — B[R] = {20001

forall N > 44.

Lower bounds for approximations of stochastic (O)DEs in the literature: E.g., Clark &
Cameron 1978 (Rate %), Davie & Gaines 2000 (Rate %), Mller-Gronbach 2002 (Rate
1 up to a logarithmic term), Miiller-Gronbach & Ritter 2007 & 2008 (Rate a € (0, c0)
depending on the regularity of the problem), Hutzenthaler, J & Kloeden 2011

(divergence), Kruse 2012 (Rate 1, 2, .. .), ...




Consider

[ N 1 =1 3
dX1(t) = ]1(1700)(X4(1‘)) NG -COS<|:X3(I‘) _ fe(1_u2) du] e[Xz(t)] > dt
0
ng(t) = dW; _
dX3(t) = ]1(7171)(X4(t)) . e(1_[X4(t)]2) at
dXy(t) = 1dt

for t € [0, T] with X(0) = 0and T € [2, 00). We establish the lower bound
[EDe] — B[R] = {20001

forall N > 44.

Lower bounds for approximations of stochastic (O)DEs in the literature: E.g., Clark &
Cameron 1978 (Rate %), Davie & Gaines 2000 (Rate %), Mller-Gronbach 2002 (Rate
1 up to a logarithmic term), Miiller-Gronbach & Ritter 2007 & 2008 (Rate a € (0, c0)
depending on the regularity of the problem), Hutzenthaler, J & Kloeden 2011
(divergence), Kruse 2012 (Rate 1, 2, .. .), ...

Here it is established that Euler’s method converges




Consider

[ N 1 =1 3
dX1(t) = ]1(1700)(X4(1‘)) NG -COS<|:X3(I‘) _ fe(1_u2) du] e[Xz(t)] > dt
0
ng(t) = dW; _
dX3(t) = ]1(7171)(X4(t)) . e(1_[X4(f)]2) at
dXy(t) = 1dt

for t € [0, T] with X(0) = 0and T € [2, 00). We establish the lower bound
[ ] ~ B[] = el -1

forall N > 44.

Lower bounds for approximations of stochastic (O)DEs in the literature: E.g., Clark &
Cameron 1978 (Rate %), Davie & Gaines 2000 (Rate %), Mller-Gronbach 2002 (Rate
1 up to a logarithmic term), Miiller-Gronbach & Ritter 2007 & 2008 (Rate a € (0, c0)
depending on the regularity of the problem), Hutzenthaler, J & Kloeden 2011
(divergence), Kruse 2012 (Rate 1, 2, .. .), ...

Here it is established that Euler’s method converges without any arbitrarily small
polynomial rate of convergence.
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