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Consider

d,m ∈ N, measurable D ⊆ Rd , µ : D → Rd , σ : D → Rd×m,

ξ ∈ D, T > 0, stochastic basis (Ω,F ,P, (Ft)t≥0),

(Ft)t≥0-Wiener process W : [0,∞)× Ω→ Rm,

a solution process X : [0, T ]× Ω→ D of

dXt = µ(Xt) dt + σ(Xt) dWt , t ∈ [0, T ], X0 = ξ.
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Black-Scholes model Consider d = m = 1, α ∈ R, β > 0 :

dXt = α Xt dt + β Xt dWt

Heston model Consider d = m = 2, α, γ ∈ R, β, δ, X
(1)
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)
Remarks:

X (2) is called Cox-Ingersoll-Ross (CIR) process.

It holds 2δ
β2 ≥ 1 if and only if it holds P-a.s. that ∀ t ∈ [0, T ] : X

(2)
t > 0.
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Consider β = 2, γ = 0, δ = 2.2, 2δ
β2 = 4.4

4 = 1.1 ≥ 1, and

dXt = (δ − γXt) dt + β
√

Xt dWt , X0 = 1
4 , t ∈ [0, 1].
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Consider β = 2, γ = 0, δ = 1.4, 2δ
β2 = 2.8

4 = 0.7 < 1, and

dXt = (δ − γXt) dt + β
√

Xt dWt , X0 = 1
4 , t ∈ [0, 1].
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2δ/β2 in the Heston model

The S&P 500 (the Standard & Poor’s 500) is a stock market index.
In Hutzenthaler, J & Noll 2015 we calibrate 498 stocks from the S&P 500 within the
Heston model: 359 stocks satisfy 2δ

β2 ≤ 25, 162 stocks (≈ 32%) satisfy 2δ
β2 < 1.
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(i) On a defect of the Euler scheme

Theorem (Hairer, Hutzenthaler & J, AOP 2015)

Let T ∈ (0,∞). Then there exist infinitely often differentiable and globally bounded
functions µ, σ : R4 → R4 such that Y N : {0, 1, . . . ,N} × Ω→ R4, N ∈ N, with
∀N ∈ N, n ∈ {0, 1, . . . ,N − 1} : Y N

0 = X0 and

Y N
n+1 = Y N

n + µ(Y N
n ) T

N + σ(Y N
n )
(

W (n+1)T
N

−W nT
N

)
(Euler-Maruyama approximations) fulfill ∀α ∈ [0,∞) :

lim
N→∞

(
Nα E

[
‖XT − Y N

T ‖
])

=

{
0 : α = 0

∞ : α > 0
.
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(ii) Unsolvable SDEs
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∥∥] ≥ an.

(iii) Roughening effect Consider solution processes X x : [0,∞)× Ω→ D, x ∈ D,
of dX x

t = µ(X x
t ) dt + σ(X x

t ) dWt , t ≥ 0, X x
0 = x .
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t
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∈ R3 and R3 3 x 7→ X x
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are nowhere locally Hölder continuous.
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(iv) Cox-Ingersoll-Ross process (d = 1): δ, β > 0, γ ∈ R, t ∈ [0, T ]:

dXt = (δ − γXt) dt + β
√

Xt dWt .

Approximation results in the literature:

Strong convergence rates in the case 2δ
β2 ≥ 1: Berkaoui, Bossy & Diop 2008,

Dereich, Neuenkirch & Szpruch 2012, Alfonsi 2012, Neuenkirch & Szpruch 2013

Strong convergence without rates: Deelstra & Delbaen 1998, Alfonsi 2005,
Higham & Mao 2005, Lord, Koekkoek & Dijk 2010, Gyöngy & Rasonyi 2011,
Halidias 2012

Alfonsi 2005: numerical estimates for strong convergence rates in the case
1
3 <

2δ
β2 < 5.

No proof of strong convergence rates in the case 2δ
β2 < 1.
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Alfonsi 2005: Numerically estimated strong convergence rates vs. β
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In the case θ := 2δ
β2 − 1

2 > 0 we obtain ∀ ε > 0 : ∃C ≥ 0 : ∀N ∈ N :

E
[
supt∈[0,T ] |Xt − Y N

t |
]
≤ C · Nε−min{θ,1/2}

(Hutzenthaler, J & Noll 2014) where (Y N
t )t∈[0,T ], N ∈ N, are linearly-interpolated

drift-implicit square-root Euler approximations (Alfonsi 2005).
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(v) stochastic Duffing-van der Pol oscillator (d = 2), stochastic Lorenz equation
(d = 3), . . . : Stopped-tamed Euler-Maruyama approximations
ZN : {0, 1, . . . ,N} × Ω→ Rd , N ∈ N, given by ZN

0 := X0 and

ZN
n+1 := ZN

n +1{‖ZN
n ‖≤exp(| ln(T/N)|1/2)}

[
µ̄(ZN

n ) T
N + σ̄(ZN

n )∆W N
n

1 + ‖µ̄(ZN
n ) T

N + σ̄(ZN
n )∆W N

n ‖2

]
for all n ∈ {0, 1, . . . ,N − 1}, N ∈ N (Hutzenthaler, J & Wang, to appear in Math.
Comp. 2016) satisfy

∀ p ∈ (0,∞) : ∃C ∈ [0,∞) : ∀N ∈ N : ‖XT −ZN
N ‖Lp(Ω;Rd ) ≤

C√
N
.

Open questions:

stochastic Lorenz equations (d = 3) with multiplicative noise,

stochastic Duffing oscillator (d = 2) with additive or multiplicative noise,

. . .
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(vi) Cahn-Hilliard Cook equation (d =∞) driven by a standard Wiener process:

dXt(x) =
[
− ∂4

x Xt(x) + ∂2
x

(
Xt(x)3 − Xt(x)

)]
dt + dWt(x)

for x ∈ (0, 1) with Neumann and no-flux boundary conditions and regular initial value.
Kovacs, Larsson, Mesforush 2011, in particular, implies
∀α ∈ (0, 2), ε > 0 : ∃Cα,ε ≥ 0 : ∀ h > 0 : ∃Ωε,h ⊆ Ω:

P(Ωε,h) ≥ 1− ε and 1Ωε,h sup
t∈[0,T ]

∥∥Xt − Y h
t

∥∥ ≤ Cα,ε hα

(semi strong convergence rate) and hence

lim
h↘0

E

[
sup

t∈[0,T ]

∥∥Xt − Y h
t

∥∥2

]
= 0.

Hutzenthaler & J 2014: ∀α ∈ (0, 2), p > 0 : ∃Cα,p ≥ 0 :∥∥∥∥∥ sup
t∈[0,T ]

∥∥Xt − Y N
t

∥∥∥∥∥∥∥
Lp(Ω;R)

≤ Cα,p N−α.

Open questions: rougher noise, multiplicative noise, stochastic Burgers equations,
stochastic Navier-Stokes equations, stochastic Kuramoto-Shivashinski equations,
nonlinear stochastic Wave equations, . . .
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Theorem (Hairer, Hutzenthaler & J, AOP 2015)

Let T ∈ (0,∞). Then there exist infinitely often differentiable and globally bounded
functions µ, σ : R4 → R4 such that Y N : {0, 1, . . . ,N} × Ω→ R4, N ∈ N,
satisfying ∀N ∈ N, n ∈ {0, 1, . . . ,N − 1} : Y N

0 = X0 and

Y N
n+1 = Y N

n + µ(Y N
n ) T

N + σ(Y N
n )
(

W (n+1)T
N

−W nT
N

)
(Euler-Maruyama approximations) fulfill ∀α ∈ [0,∞) :

lim
N→∞

(
Nα E

[
‖XT − Y N

T ‖
])

=

{
0 : α = 0

∞ : α > 0
.

Remark: ∀α ∈ (0, 1
2 ), ε > 0 : ∃Cα,ε ≥ 0 : ∀N ∈ N : ∃Ωε,N ⊆ Ω:

P(Ωε,N) ≥ 1− ε and 1Ωε,N sup
t∈[0,T ]

∥∥Xt − Y N
t

∥∥
R4 ≤ Cα,ε N−α

Gyöngy (1998): ∀α ∈ (0, 1
2 ) : ∃Cα : Ω→ [0,∞) : ∀N ∈ N :

‖XT − Y N
N ‖R4 ≤ Cα N−α P-a.s.
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Plot of
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]
− E

[
Y N

N

]∥∥ for T = 2 and N ∈ {21, 22, . . . , 230}.
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A function with order 0
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(iv) Cox-Ingersoll-Ross process (d = 1): δ, β > 0, γ ∈ R, t ∈ [0, T ]:

dXt = (δ − γXt) dt + β
√

Xt dWt .

In the case θ := 2δ
β2 − 1

2 > 0 we obtain ∀ ε > 0 : ∃C ≥ 0 : ∀N ∈ N :

E
[
supt∈[0,T ] |Xt − Y N

t |
]
≤ C · Nε−min{θ,1/2}

(Hutzenthaler, J & Noll 2014) where (Y N
t )t∈[0,T ], N ∈ N, are linearly-interpolated

drift-implicit square-root Euler approximations (Alfonsi 2005). A few ideas in the
proof in the case γ = 0, β = 2: µ̄(0) := 0, µ̄(x) := θ

x for x ∈ (0,∞) and
X̄t :=

√
Xt , Ȳ N
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∫ t
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s

)(
µ̄(Xs)− µ̄(Y N

s )
)

ds +

∫ t

0

(
X̄s − Ȳ N
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Key difficulty: E
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|X̄s − X̄dseT/N

|
]
≤ . . . or, more generally, E

[
|X̄t1 − X̄t2 |

]
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t = X̄0 +

∫ t

0
µ̄(Y N
dseT/N

) ds + Wt .

Itô’s formula ensures ∀ t ∈ [0, T ] : P-a.s.:

|X̄t − Ȳ N
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t = X̄0 +

∫ t

0
µ̄(Y N
dseT/N

) ds + Wt .

Itô’s formula ensures ∀ t ∈ [0, T ] : P-a.s.:

|X̄t − Ȳ N
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dt
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dX3(t) = 1(−1,1)(X4(t)) · e
−1

(1−[X4(t)]2) dt

dX4(t) = 1 dt

for t ∈ [0, T ] with X(0) = 0 and T ∈ [2,∞). We establish the lower bound∥∥E[XT

]
− E

[
Y N

N

]∥∥ ≥ e(−20 | ln(N)|2/3)

for all N ≥ 44.
Lower bounds for approximations of stochastic (O)DEs in the literature: E.g., Clark &
Cameron 1978 (Rate 1

2 ), Davie & Gaines 2000 (Rate 1
6 ), Müller-Gronbach 2002 (Rate

1
2 up to a logarithmic term), Müller-Gronbach & Ritter 2007 & 2008 (Rate α ∈ (0,∞)
depending on the regularity of the problem), Hutzenthaler, J & Kloeden 2011
(divergence), Kruse 2012 (Rate 1, 3

2 , . . . ), . . .
Here it is established that Euler’s method converges without any arbitrarily small
polynomial rate of convergence.
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