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MV-SDEs

d-dimensional McKean-Vlasov SDEs:

dXt = b(Xt ,Pt)dt + σ(Xt ,Pt)dWt , Pt = P ◦ X−1
t = Law(Xt), t ∈ [0,T ],

where {Wt}t≥0 is k-dimensional Brownian motion and P is a probability measure
on C ([0,T ],Rd).
Example:

dYt = E[b(y ,Yt)]|y=Ytdt + dWt =

∫
C
b(Yt , y)Pt(dy)dt + dWt .

Goal:
E[G (XT )] or E[P((Xt)0≤t≤T ]

for G : Rd → R or P : C ([0,T ],Rd) → R

Lukasz Szpruch (University of Edinburgh) MLMC for MV-SDEs ICMS 2016 2 / 26
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Classical Framework

Existence and uniqueness of the solution holds if ∀x , y ∈ Rd ∀P,Q ∈ P2(Rd)

|b(x ,P)− b(y ,Q)|+ |σ(x ,P)− σ(y ,Q)| ≤ L(|x − y |+W2(P,Q)),

where 2-Wasserstein distance, W2(·, ·), is defined as

W2(µ, ν) = inf
γ

[∫
R2d

|u − v |2γ(du, dv); γ(· × Rd) = µ, γ(Rd × ·) = ν

]
.

(see Sznitman 1991)
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Motivation

MV-SDEs gives probabilistic interpretation of nonlinear McKean-Vlasov PDEs
which weak formulation with f (·) ∈ C∞

K (Rd) is given{
∂
∂t ⟨Pt , f ⟩ = ⟨Pt ,

1
2

∑d
i,j=1 aij(x ,Pt)

∂2f
∂xi∂xj

(x) +
∑d

i=1 bi (x ,Pt)
∂f
∂xi

(x)⟩,
P0 = P ◦ X−1

0 = Law(X0),

where a(x ,Pt) = σ(Xt ,Pt)
Tσ(Xt ,Pt).

Applications:
▶ Lagrangian models (Bossy,Jabir,Talay, 2011)
▶ Navier-Stokes equation for the vorticity of a two-dimensional incompressible

fluid flow and many more (Bossy,Jourdain,Meleard,Reygner,Talay...)
▶ Mean-Field Games (Lasry, Lions, 2007, Chassagneux, Crisan, Delarue, 2015)
▶ Stochastic Local Volatility Models (Gyongy, 1996, Guyon, Henry-Labordere

2011, Jourdain ,Zhou 2016)
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Propagation of chaos

stochastic interacting particles (X i,N
t ) are solutions to (Rd)N dimensional

SDEs {
dX i,N

t = b(X i,N
t ,PN

t )dt + σ(X i,N
t ,PN

t )dW
i
t , i = 1, . . . ,N,

PN
t := 1

N

∑N
i=1 δX i,N

t
, t ≥ 0,

where {X i,N
0 }i=1,...,N are i.i.d samples with the law P0 and {W i

t }i=1,...,N are
independent Brownian motions.

Very rich modelling framework:
▶ interaction agents in economics (Lasry, Lions, 2007)
▶ neuronal networks (Delarue, Inglis, Rubenthaler, Tanre, 2015)
▶ systemic risk (Carmona, Fouque, Sun, 2013)

X i,N
t converge weakly to X i

t when N → ∞.

Lukasz Szpruch (University of Edinburgh) MLMC for MV-SDEs ICMS 2016 5 / 26
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Euler Scheme

Consider MV-SDEs

dXt =

∫
Rd

b(Xt , y)Pt(dy)dt +

∫
Rd

σ(Xt , y)Pt(dy)dWt ,

Euler scheme with time-step h = T/M, i=1,. . . ,N,

Y i,N
k+1 = Y i,N

k +
1

N

N∑
j=1

b(Y i,N
k ,Y j,N

k )h +
1

N

N∑
j=1

σ(Y i,N
k ,Y j,N

k )∆W i
k+1.

Due to the particle interactions, its implementation requires N2 arithmetic
operations at each step.

Euler scheme converges with weak rate of order ((
√
N)−1 + h)

Bossy, Talay (1997) Antonelli, Kohatsu-Higa (2002), Bossy, Jourdain (2002).

Notice that the same ”sample” is used to approximate MV-SDEs and to
evaluate the E[G (XT )].

Lukasz Szpruch (University of Edinburgh) MLMC for MV-SDEs ICMS 2016 6 / 26
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A cost of the propagation of chaos
Consider mean-square-error

E

(E[f (XT )]−
1

N

n∑
i=1

f (Y i,N
T )

)2


bias and statistical error are in a nonlinear relationship

Consider iid samples

X̄k+1 = X̄k + b(X̄k ,Pkh)h + σ(X̄k ,Pkh)∆Wk+1, Pkh = P ◦ (X̄k)
−1.

Error decomposition

E[f (XT )]−
1

N

N∑
i=1

f (Y i,N
T ) =

(
E[f (XT )]− E[f (X̄T )]

)
+
(
E[f (X̄T )]−

1

N

N∑
i=1

f ((X̄ i
T )
)

+
1

N

N∑
i=1

(
f ((X̄ i

T )− f (Y i,N
T )

)
.

Lukasz Szpruch (University of Edinburgh) MLMC for MV-SDEs ICMS 2016 7 / 26
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Cost

Typical mean-square error

E

(E[f (XT )]−
1

N

N∑
i=1

f (Y i,N
T )

)2
 ≤ C (h2 +

1

N
+

1

N
),

Cost Cγ = Nγh−1, γ = 1 no-interacting Kernel, γ = 2 interacting Kernel.

For the root-mean-square-error ϵ the cost is C1 = ϵ−3 or C2 = ϵ−5

Example of the non-interacting Kernel particle system:

Y i,N
k+1 = Y i,N

k + b(Y i,N
k ,

1

N

N∑
j=1

f (Y j,N
k ))h + σ∆W i

k+1.
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MLMC for standard SDEs

Idea of Giles (2006), Heinrich (2001) was to explore the identity

E[PL] = E[P0] +
L∑

ℓ=1

E[Pℓ − Pℓ−1],

where Pℓ := P(YMℓ) with P : C ([0,T ],Rd) → R and {YMℓ}, ℓ = 0 . . . L, being
discrete time approximation of process X with Mℓ number of time steps.

This identity leads to an unbiased estimator of E[P(YML)],

1

N0

N0∑
i=1

P
(i,0)
0 +

L∑
ℓ=1

{
1

Nℓ

Nl∑
i=1

(P
(i,ℓ)
ℓ − P

(i,ℓ)
ℓ−1 )

}
,

where P
(i,ℓ)
ℓ = P((YMℓ)(i)) are independent samples at level ℓ.

But for MLMC variance for particle systems decays as (N−1 + h)

Lukasz Szpruch (University of Edinburgh) MLMC for MV-SDEs ICMS 2016 9 / 26
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Theorem (Giles, 2006)
If there exist independent estimators Yℓ based on Nℓ Monte Carlo samples, and positive
constants α, β, γ, c1, c2, c3 such that α≥ 1

2
min(β, γ) and

i) |E[Pℓ−P]| ≤ c1 2
−α ℓ

ii) E[Yℓ] =

{ E[P0], ℓ = 0

E[Pℓ−Pℓ−1], ℓ > 0

iii) V[Yℓ] ≤ c2 N
−1
ℓ 2−β ℓ

iv) Cℓ ≤ c3 Nℓ 2
γ ℓ, where Cℓ is the computational complexity of Yℓ

then there exists a positive constant c4 such that for any ε<e−1 there are values L and Nℓ for
which the multilevel estimator

Y =
L∑

ℓ=0

Yℓ,

has a mean-square-error with bound

MSE ≡ E
[
(Y − E[P])2

]
< ε2

with a computational complexity C with bound

C ≤


c4 ε−2, β > γ,

c4 ε−2(log ε)2, β = γ,

c4 ε−2−(γ−β)/α, 0 < β < γ.
Lukasz Szpruch (University of Edinburgh) MLMC for MV-SDEs ICMS 2016 10 / 26
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MLMC - multicloud

generate Rl independent clouds of particles {CNl

j }j=1,...,Rl
with Nl interacting

particles in each cloud i.e. {X ((Nl ,i);j)
t : i = 1, . . . ,Nl}j=1,...,Rl

.

propagation of chaos property suggests to consider R = 1!

Define estimator:

1

R0

R0∑
j=1

1

N0

N0∑
i=1

f (X
((N0,i);j)
T )

+
L∑

l=1

1

Rl

Rl∑
j=1

 1

Nl

Nl∑
i=1

f (X
((Nl ,i);j)
T )− 1

Nl−1

Nl−1∑
i=1

f (X
((Nl−1,i);j)
T )

 ,

coupling is introduced by considering particles X
((Nl−1,i);j)
T and X

((Nl−1,i);j)
T

from the same cloud.

MLMC complexity theorem by Giles with β = 1, γ = 2, α = 1/2 we obtain
computational complexity ϵ−5, which is the same as for the propagation of
chaos estimator. But see Hajj-Ali and Tempone and Multi-index approach.

Lukasz Szpruch (University of Edinburgh) MLMC for MV-SDEs ICMS 2016 11 / 26
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Sznitman’s iteration proof

{
Xt = X0 +Wt +

∫ t

0

∫
C
b(Xs , y)Pt(dy)ds, 0 ≤ t ≤ T

Pt = Law(Xt)

Pick a measure µ ∈ P(C [0,T ],Rd). Define an operator
Φ : P(C [0,T ],Rd) 7→ P(C [0,T ],Rd) that returns Law(Xµ)

Xµ
t = X0 +Wt +

∫ t

0

∫
C

b(Xµ
s , y)µt(dy)ds, 0 ≤ t ≤ T .

Theorem (Sznitman)

Let T > 0, and µ ∈ P(C [0,T ],Rd)). There exists C > 0 st.

W2(Φ
k+1(µ),Φk(µ)) ≤ C

T k

k!
W2(Φ(µ), µ).

Lukasz Szpruch (University of Edinburgh) MLMC for MV-SDEs ICMS 2016 12 / 26
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Picard’s Particle system

Let m be the index corresponding to the Picard step.

dXm
t =

∫
C

b(Xm
t , y)Lawt(X

m−1)(dy) dt + σ dWm
t , Xm

0 = X0,

Let (Y 0,n,N0
t )1≤n≤N0 be an i.i.d. sample with law P0. For m ≥ 1, we define

dYm,n,Nm
t =

1

Nm−1

Nm−1∑
j=1

b(Ym,n,Nm
t ,Y

m−1,j,Nm−1

t ) dt + σ dWm,n
t , 1 ≤ n ≤ Nm,

Key idea:

Use next to last Picard steps to approximate
∫
C
b(Xµ

s , y)µt(dy)

Use the final Picard step to approximate the quantity of interest.

Lukasz Szpruch (University of Edinburgh) MLMC for MV-SDEs ICMS 2016 13 / 26
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Picard’s Particle system

Theorem

We assume that the interacting kernel b : R2 → R satisifes

(H1) b ∈ C 2
b (R2),

(H2) b is globally Lipschitz

sup
t∈[0,T ]

∣∣Eϕ(Xt)− Eϕ(Ym,hm,Nm
t )

∣∣
≤ K

[(
Tm

m!

)
+

1√
Nm

+ hm +
m∑
s=1

1

(s − 1)!

(
1√
Nm−s

+ hm−s

)]
.

sup
t∈[0,T ]

E
∣∣ϕ(Xt)− ϕ(Ym,hm,Nm

t )
∣∣2

≤ K

[(
Tm

m!

)
+

1

Nm
+ (hm)

2 +
m∑
s=1

1

(s − 1)!

(
1

Nm−s
+ (hm−s)

2

)]
.
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.

Even simpler example

dXm
t = b(Xm

t ,E[f (Xm−1
t )])dt + σ dWm

t , Xm
0 = X0,

Euler scheme:
dZm,ℓ

t = b(Zm,ℓ
η(t),E[f (Z

m−1,ℓ
η(t) )])dt + σ dWm

t ,

where η(t) = tk for t ∈ [tk , tk+1). We can now write a telescopic MLMC sum

E[f (Zm−1,L
η(t) )] = E[f (Zm−1,0

η(t) )] +
L∑

ℓ=1

E[f (Zm−1,ℓ
η(t) )− f (Zm−1,ℓ−1

η(t) ]

and resulting MC estimator is given by

[Mm
tk (Z )](G ) =

1

N0,m

N0,m∑
i=1

G (Z i,m,ℓ
tk ) +

Lm∑
ℓ=1

1

Nℓ,m

Nℓ,m∑
i=1

(
G (Z i,m,ℓ

tk )− G (Z i,m,ℓ−1
tk )

)

Lukasz Szpruch (University of Edinburgh) MLMC for MV-SDEs ICMS 2016 15 / 26
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Picard’s Particle system

dY i,Nm,ℓ
t = b(Y i,Nm,ℓ

η(t) , [Mm−1
η(t) (Y )](f ))dt + σdW i

t .

We interpolate MLMC on [0,T ]

Picard approach ensures telescoping sum is preserved - the same mean-filed
approximation used across the levels.

Standard error analysis plus control of the term

[Mm−1
tk (Y )](f )− [Mm−1

tk+1)
(Y )](f )

Lukasz Szpruch (University of Edinburgh) MLMC for MV-SDEs ICMS 2016 16 / 26



.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

Picard’s Particle system

Error decomposition:

E
[
(E[G (XT )]− [Mm

T (Y )](G ))2
]
≤ 2 (E[G (XT )]− E[G (Ym

T )])2 + VMLMC ,m
T

Now the term VMLMC ,m
T := E(E[G (Ym

t )])− [Mm
tk (Y )](G )))2 (not exactly a

variance). Consequently

E
[
(E[G (XT )]− [Mm

T (Y )](G ))2
]

≤ C

(
1

Nm
+ hL +

∫ T

0

sup
x∈Rd

E
(
b(x ,Mm−1

η(s) (Y )](f ))− B(η(s), x)

)2

ds

)
+ VMLMC ,m

T

where B(t, x) = b(x ,E[f (Xt)]).
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Nested MLMC

But by the same argument(
E[b(x ,Mm−1

η(s) (Y )](f ))− B(η(s), x)
)2

≤ C

(
1

Nm−1
+ hL +

∫ η(s)

0

sup
x∈Rd

E
(
b(x ,Mm−2

η(θ) (Y )](f ))− B(η(θ), x)

)2

dθ

)
+ VMLMC ,m

η(s)

For Rk -valued random variable M by

V[M] = E[∥M− E[M]∥2∞].

It can be further shown

V[M] ≤ c(k)
n∑

i=1

V(Mi ),

c1 log(k + 1) ≤ c(k) ≤ c2 log(k + 1).

[M Ledoux, M Talagrand, 1991]
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Interacting kernel

dXm
t =

∫
C

b(Xm
t , y)Lawt(X

m−1)(dy) dt + σ dWm
t , Xm

0 = X0,

Euler scheme:
dZm,ℓ

t = E[b(x ,Zm−1,ℓ
η(t) )]x=Zm,ℓ

η(t)
dt + σ dWm

t ,

where η(t) = tk for t ∈ [tk , tk+1). We can now write a telescopic MLMC sum

E[b(x ,Zm−1,L
η(t) )] = E[b(x ,Zm−1,0

η(t) )] +
L∑

ℓ=1

E[b(x ,Zm−1,ℓ
η(t) )− b(x ,Zm−1,ℓ−1

η(t) ]

and resulting MC estimator is given by

[Mm
tk (x ,Z )](b) =

1

N0,m

N0,m∑
i=1

b(x ,Z i,m,ℓ
tk )

+
Lm∑
ℓ=1

1

Nℓ,m

Nℓ,m∑
i=1

(
b(x ,Z i,m,ℓ

tk )− b(x ,Z i,m,ℓ−1
tk )

)
Lukasz Szpruch (University of Edinburgh) MLMC for MV-SDEs ICMS 2016 19 / 26
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Non-interacting kernel

The target stochastic differential equation is

dXt = sin(Xt − E[Xt ])dt + σdWt , X0 = 0.

The testing payoff function is

P(x) = max(x − K , 0),

where strike K is set to 0.1.
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Interacting kernel

The target stochastic differential equation is

dXt = E[sin(x − Xt)]|x=Xtdt + σdWt , X0 = 0,

where Yt is an independent copy of Xt . The payoff

P(x) =
√

1 + x2.
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Thank You
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